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Introduction. 



This paper is the first arising from our project announced in ^H] aiming at establishing 
a new paradigm for mirror symmetry. At the center of this approach is residual data 
associated to certain maximally unipotent degenerations / : A" ^ 5 of Calabi-Yau vari- 
eties. The residual degeneration data consists of the central fibre of the degeneration 
together with the log-structure induced from the inclusion Xq C X, a, polarization, and 
an element of a "log Kahler moduli space" . We claim that mirror symmetry comes down 
to an involution acting on residual degeneration data. In particular, degenerating families 
should be mirror-dual if and only if they have dual expressions in terms of residual data. 
The deepest result that we prove here is a basic duality between logarithmic complex and 
Kahler moduli of central fibres of degenerations as log spaces. Finer consequences for 
mirror symmetry will be addressed in a sequel to this paper. 

The central idea is to restrict attention to what we call toric degenerations of Calabi- 
Yau varieties fPefinition 14.11) . Roughly put, these are degenerations in which the singular 
fibre is a union of toric varieties and the map to the base is log smooth off of some bad set 
Z. In this context, we define a dual intersection complex capturing key data about the 
degeneration. The dual intersection complex we construct is an affine manifold B with 
singularities together with a polyhedral decomposition The affine structure depends 
on both the irreducible components of Xq and on information about the structure of / at 
the most singular points of Xq. 

If in addition, X is polarized with a choice of relatively ample line bundle C, then the 
dual intersection complex B comes equipped with a convex multi-valued piecewise linear 
function ip. This function can be used to define a discrete Legendre transform, which 
gives a new affine manifold B which is, in a suitable sense, dual to B. In addition B 
carries a new convex multi-valued piecewise linear function (p. Then B should be the dual 
intersection complex of a mirror degeneration. 

This part of the construction is relatively simple and conceptual, but it covers only the 
discrete part of mirror symmetry. It is the treatment of moduli that makes this paper 
so long. One apparent source of moduli is a change of gluing of the components of Xq. 
However, an essential insight of this paper is that the correct limiting version of complex 
moduli also involves a choice of logarithmic structure. More justification for doing this 
will come from the study of deformation theory in the sequel of this paper. On the other 
hand, the source of the moduli on the Kahler side is perhaps less clear. In this paper 
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we have fairly much reverse-engineered from the complex moduli side. The fact that the 
Kahler moduli space is then related (in an expected fashion) to the logarithmic Picard 
group should be seen as the first striking verification of our approach. In the sequel to 
this paper, we will connect the Kahler moduli more directly to a logarithmic version of 
H^'^ and couple this with a base-change theorem, justifying our definition further ^T] . 

Let us consider a simple example of the phenomena we have just outlined. Consider 
A" C p3 X defined by the equation 

/4 + tXoXiX2X3 = 

for /4 a general choice of homogeneous polynomial of degree four, with t the coordinate on 
A^. Let f : X ^ he the projection. Then is a union of toric varieties (P^'s) meeting 
along toric strata, and the map is generically normal crossings, except at 24 points in Xq 
where the total space X is singular; call this set of points Z. 

We can build the dual intersection complex i? of A" as follows. Because Xq is normal 
crossings, B will be a simplicial complex and coincide with the traditional dual intersection 
complex: we have a vertex for each irreducible component of Xq, and if vq, ■ ■ ■ ,Vk are 
vertices corresponding to components X^^, . . . , then {vq, . . . ,Vk) is a simplex of the 
dual intersection complex if and only if X^^-^ fl ■ ■ ■ fl X^^ ^ 0. Thus in this case, B is 
the boundary of a tetrahedron. B carries a polyhedral decomposition !^ ^ namely the 
collection of simplices of this simplicial complex. To make B an affine manifold with 
singularities, we remove the midpoints of each edge; these will be singularities of the affine 
structure. Identify each face with the standard simplex in M^; this gives an affine structure 
in the interior of each face. Standard simplices appear here because j : X\Z ^ h} vs, 
normal crossings; in the more general case we will replace simplices by lattice polytopes. 

To define affine charts in a neighbourhood of each vertex w, we specify a jan structure 
at V. This means we choose a complete rational polyhedral fan S„ in M^, and a homeo- 
morphism between an open neighbourhood of v and an open neighbourhood of in M^, 
giving a one-to-one correspondence between cells of ^ containing v and cones in S^,, so 
that in the interior of each maximal cell of containing v, the homeomorphism is an 
element of Aff(Z^). To construct the dual intersection complex, we take the fan E„ to be 
the fan defining the irreducible component X^. This gives the following picture: 
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To construct the intersection complex 5 of A", we need to choose a polarization on Xq, 
say given by the restriction of Op3[n) for some n to Aq. Then restricting this line bundle 
to each irreducible component of Xq, we take the Newton polytope of this hne bundle, 
giving in our example the standard simplex of rescaled by a factor of n. These are 
glued together in the obvious way to reflect the intersections of the components of Xq, 
again yielding a tetrahedron in this example. This gives a polyhedral decomposition ^ 
on B which is dual to J^. Finally we specify an affine structure with singularities by 
specifying a fan structure at each vertex. This time we take as fan the normal fan to 
the corresponding (maximal) cell of the dual intersection complex. The example of the 
quartic is perhaps misleading though because B is the same thing as B, rescaled by a 
factor of n. We will see in §4, however, that it is always true that B and B are related 
by a discrete Legendre transform. 

Now going from a toric degeneration to its intersection complex or dual intersection 
complex is easy; going backwards is more difficult, and we do not complete this task in 
this paper. Rather, we only show how to go from {B, J^) to a family of log Calabi-Yau 
spaces. To illustrate this, consider the case that B is two dimensional, as above, and the 
polyhedral decomposition ^ subdivides B into standard simplices. Then to each vertex 
V & is associated a fan E„, obtained by looking at in a small neighbourhood of v in 
B. We then obtain a corresponding toric variety X^,. These varieties can then be glued 
together in a way whose combinatorics is specified by B and we want to construct a 
scheme or algebraic space Xq whose dual intersection complex is [B, There is some 
moduli to this gluing, say specified by some data s. We then obtain spaces Xo{B, , s) 
given by this gluing. In this simple case, Xi^{B, 0^ , s) is normal crossings, and as studied 
by Friedman in jT2], the deformation theory of X^iB^ ^ s) is controlled partly by a sheaf 
Md = <^ J,-), Oxo{B,.0^,s)), a line bundle on the singular locus D of Xq{B, s). 

It turns out this sheaf can be calculated in terms of B and s, and in particular, the 
restriction of A/}? to any irreducible component of D, corresponding to an edge r of 

(1 n\ 
^ 1 around 

the singular point in the interior of r. (See Example 13.301 In the quartic example above, 
n = 4 for each singular point.) In order for Xq{B,^,s) to be smoothable, A/d must 
have a section not generically zero along any component (and the zeroes will be related 
to the singular set Z mentioned above). This places restrictions on both the numbers 
n (obviously we need n > 0, which is the positivity condition of §1.5) and s. It turns 
out in this case specifying a section of A/z? with no zeroes at singular points of D is the 
same thing as choosing a log structure on Xq{B, s) and a morphism to a log point. 
Thus the full moduli space we are interested in is, in this example, the moduli space of 
pairs Xo{B, s) and sections of Md not vanishing at any singular point of D. This can 
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be viewed as a rough approximation to the moduh space of a smoothing of Xo{B, s): 
they in fact have the same dimension. 

For more general B, 3^ or more general types of toric degenerations (not just normal 
crossings) the situation is much more complicated. This is the difficulty alluded to above 
which makes this paper so long. It is necessary to consider more general degenerations, 
for if we restricted to normal crossings degenerations, the mirror degenerations could only 
involve irreducible components isomorphic to P". 

As much more motivation was already given in jTHj, we will end this discussion here 
and rather give a summary and reader's guide to the paper. A lot of the content is quite 
technical, so a good deal can be skipped on a first reading, and we will try to explain 
what is or is not essential for absorbing the basic ideas of the paper. 

Section 1 is devoted entirely to affine manifolds, and the structures on them which 
will play a role in the remainder of the paper. Section 1.1 is intended as a warm-up, 
reminding the reader of basic concepts of affine manifolds, simple examples, and a review 
of the Legendre transform in this context. This provides important motivation, as the 
Legendre transform is key to Hitchin's elaboration of the SYZ (Strominger-Yau-Zaslow) 
approach to mirror symmetry jUj, j23]. As we replace the Legendre transform with 
the discrete Legendre transform, we are able to argue that our approach is an algebro- 
geometric version of SYZ. 

Section 1.2 introduces affine manifolds with singularities, and gives some basic exam- 
ples, such as Example 11.181 These first two sections are straightforward and are essential 
reading. 

In §1.3, we introduce the basic combinatorial objects: polyhedral decompositions of 
integral affine manifolds with singularities. This is essentially just a decomposition of 
an integral affine manifold with singularities into lattice polytopes, though there is some 
subtlety in how such polytopes are allowed to interact with the singular set of the affine 
manifold. The definition, Definition ll.22^ is essential for this paper, and Construction ESEl 
is the prime example: we will use this to construct the discrete Legendre transform and 
the dual intersection complex. We note that both this definition and construction have 
already been given in ^H] • The remainder of the section explores properties of polyhedral 
decompositions and auxiliary constructions. These are all quite important for the paper, 
but proofs may be skipped without great harm. 

Section 1.4 describes the discrete Legendre transform and its properties: Proposition 
11.501 and Proposition 11.511 summarize these. We make connections with the standard 
discrete Legendre transform on M*^ in Example II. 52^ and with Batyrev duality in Example 

rr53i 

Section 1.5 defines two properties of affine manifolds with singularities. The first is a 
positivity property, a generalisation of the phenomenon which occurs in elliptic fibrations 
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which forces suitably normahzed monodromy around Kodaira-type In fibres to be positive 
in a certain sense. The second is simphcity, an analogue of the notion introduced for torus 
fibrations in ^3] . These definitions, especially that of simplicity, are a bit technical, and 
the whole section could be skipped until these definitions are used in §§4 and 5. 

In §2, we begin the process of constructing toric log Calabi-Yau spaces from pairs 
{B, where B is an integral affine manifold with singularities and <^ is a polyhedral 
decomposition on B. We actually give two dual constructions in §§2.1 and 2.2, depending 
on whether we view (5, as the intersection complex or dual intersection complex of 
the degeneration. The former case, which we refer to as the cone picture, is technically 
easier and in fact produces a projective scheme (if B is compact), whereas the latter 
case, which we refer to as the fan picture, is technically harder and produces only an 
algebraic space. In fact, most of §2.2 is devoted to constructing an explicit etale open 
cover of this algebraic space, which we will need for later aspects of the construction. This 
construction has a number of subtleties having to do with the role of the singularities in 
B. We recommend strongly reading §2 through Example 12.171 as this will illustrate these 
subtleties. Most of the rest of the section is devoted to the details of the construction of 
an algebraic space Xq{B, 3^ , s) starting with data [B, ^) and so-called open gluing data 
s f Definition I2.25|) . This can be skimmed, but open gluing data will play an important 
role. At the end of §2.2, we compare the fan and cone pictures, and compute the dualizing 
sheaf and basic invariants oi Xq{B , 0^ , s) . These statements should be read. 

Section 3 introduces log structures. The main new idea in this paper is the significance 
of log structures in mirror symmetry. While the definition of a log structure is very simple, 
learning to work with them can take some time. So §3.1 provides an introduction to the 
sorts of log structures we use. Given a toric degeneration f : X S, the special fibre Xq 
inherits a canonical log structure from the inclusion X^ C X. This log structure should 
be thought of as providing key information about the smoothing. Furthermore, while our 
construction of the dual intersection complex as an affine manifold depends not just on 
X{) but the map j : X ^ S/iw fact all the information needed about / is contained in 
the log structure on X^. So our dual intersection complex construction makes sense not 
just for toric degenerations, but also for what we call toric log Calabi-Yau spaces, log 
spaces which look like degenerate fibres of toric degenerations, defined over the standard 
log point. Thus, if one wants to understand mirror symmetry by studying singular fibres 
of degenerations, one cannot work just with the singular fibres, but must also involve the 
log structure. In fact, the discrete Legendre transform will interchange information about 
the irreducible components of a toric log Calabi-Yau space with information about the log 
structure of its mirror. Hence, log structures lie at the heart of our construction. Section 
3.1 is thus essential reading. 
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In §§3.2 and 3.3 we begin to address the question: given an affine manifold with singu- 
larities B with polyhedral decomposition ^ and open gluing data s, how do we put a log 
structure on Xq{B, J^,s) in order to make it a log Calabi-Yau space? We are able to con- 
struct a sheaf of sets on Xq{B, ^,s) whose sections define suitable log structures. This 
construction is explained in §3.2, and in §3.3, we actually compute this sheaf explicitly. 
This latter section is the technical heart of the paper, and can probably be skipped on a 
first reading. The eventual goal is to identify global sections of this sheaf; this is finally 
accomplished in the case that B is positive and simple in Theorem 15. 2| with one of the 
main theorems of the paper being Theorem 15.41 This allows us, in the simple case, to cal- 
culate the moduli space of log Calabi-Yau spaces with a given dual intersection complex 
{B, This moduli space will play the role of complex moduli in mirror symmetry for 
toric log Calabi-Yau spaces. 

Section 4 introduces the notions of toric degenerations and log Calabi-Yau spaces, and 
in §4.1 we give these definitions and the construction of the dual intersection complex, 
reversing the constructions of the previous two chapters. The construction of the dual 
intersection complex was already explained in less detail in ^Hl- A brief §4.2 discusses 
the polarized case and the intersection complex. Section 4.3 makes the connection with 
positivity: we show the dual intersection complex of a toric degeneration of Calabi-Yau 
varieties is always positive, hence justifying the definition of positive. Finally, in §4.4, we 
continue some of the calculations leading up to the proof of Theorems 15.21 and 15.41 This 
is again technical, but Examples 14.281 and 14.291 should prove informative. 

Section 5 ties together all the strands so far. We complete the calculation of the moduli 
of log Calabi-Yau spaces with a given dual intersection complex in the simple case. The 
proof relies on most of the technical aspects developed so far in the paper. However, the 
answer is elegant: the moduli space in fact coincides with a cohomology group of a natural 
sheaf on i?, determined canonically by the affine structure. Furthermore, this is precisely 
the group expected from previous experience with the Strominger-Yau-Zaslow conjecture. 
In §5.2, we compute the log Picard group; this can probably be skipped altogether as 
it merely provides motivation for the definition of the log Kahler moduli space in §5.3. 
The log Kahler moduli space will be canonically isomorphic to the moduli space of log 
Calabi-Yau spaces for the mirror. There is no technical content in §5.3, and in fact the 
reader may wish to read this section early on! There we also describe the many aspects 
of this program left undone. 

Remark 0.1. Contrary to j^Z] or ^21; we use the following convention. Let S be a fan 
defining a toric variety X, with toric Weil divisors -Di,...,D„ corresponding to rays 
. . . , i?„ of S with primitive generators wi, . . . , w„. If D = ^ aiDi is a Cartier divisor, 
we take the piecewise linear function on the fan E corresponding to D to take the 
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values ipi'^i) = (^iy rather than ip{vi) = —ai, as in [HZI or This will affect various signs 
throughout. □ 

We would like to thank Klaus Altmann, Robert Friedman, Maxim Kontsevich, Marco 
Kiihnel, Arthur Ogus, Martin Olsson, Simone Pavanelli, Stefan Schroer, Balazs Szendroi, 
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work. 
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Kyoji Saito and Claire Voisin. We would also especially like to thank the referee for his 
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mirror symmetry via logarithmic degeneration data i 9 

1. Affine Manifolds 

1.1. AfRne Manifolds and Invariants. We will start by reviewing some basic notions 
concerning affine manifolds and their relation to mirror symmetry. For basic information 
on affine manifolds, we follow Goldman and Hirsch's paper [T^ . 

We fix M = Z" an abelian group, N = Homz(M, Z), = M (g)^ R, iVu = iV ®z 
Then N = M* and = if A* = Homz(A,Z) and V* = Homffi(\/,M) for an abelian 
group A and an M-vector space V respectively, and (^jM is viewed as functor taking 
abelian groups to M-vector spaces. 

We set 

Aff(MR) = Mm X GL„(M) 
to be the group of affine transformations of Mjg, with subgroup 

Aff(M) = M X GL„,(Z). 

If M and M' are two different lattices, then we denote by AS[M]^, M^) the M-vector 
space of affine maps between Mk and M^. Here 

Aff(MM,M;) = X Hom(MM,M;). 

Similarly 

Aff(M, M') = M' X Hom(M, M') 
is the Z- module of affine maps between M and M'. 

Definition 1.1. Let B be an n-dimensional manifold. An affine structure on B is given by 
an open cover {f/j} along with coordinate charts ipi : Ui Mjg, whose transition functions 
ipi o ?/)~^ lie in Aff(M]R). The affine structure is integral if the transition functions lie in 
Aff(M). If B and B' are (integral) affine manifolds of dimensions n and n' respectively, 
then a continuous map f : B ^ B' is (integral) affine if locally / is given by elements of 
Aff(M",M" ) (Aff(Z",Z" )). If in addition / is a local diffeomorphism, we say / is etale 
(integral) affine. 

Remark 1.2. In other papers on the role of affine manifolds in mirror symmetry jST], [221; 
affine manifolds with transition maps in Mk x GL„(Z) are considered. We restrict to 
the integral case here because these are the affine manifolds which arise when studying 
degenerations; this is roughly equivalent on the mirror side to focusing on symplectic 
manifolds with integral symplectic forms. Dual intersection complexes arising from toric 
degenerations are integral affine manifolds with singularities, as are intersection complexes 
arising from a choice of ample line bundle on a toric degeneration. In particular, the 
examples given in the introduction associated to the quartic are integral. 
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Proposition 1.3. Let n : B ^ B be the universal covering of an (integral) affine manifold 
B, inducing an (integral) affine structure on B. Then there is an etale (integral) affine 
map 5 : B ^ Mr, called the developing map, and any two such maps differ only by an 
(integral) affine transformation. 

Proof. This is standard, see |T3], pg. 641 for a proof. □ 

Note that there is no need for the developing map to be injective or a covering space; 
it is only a local isomorphism in general. 

Definition 1.4. The fundamental group vri(i?) acts on B by deck transformations; for 
7 G 7ri{B), let : B ^ B be the corresponding deck transformation with \l/^2 ° ^71 = 
\l/^^-y2- Then by the uniqueness of the developing map, there exists a ^(7) G Aff(MK) 
such that p(7) o 5 o v[f^ = S. The map p : vri(i?) Aff(Mig) is called the holonomy 
representation. If the affine structure is integral, then imp C Aff(M). 

Recall that we compose loops 71 and 72 in 7Ti{B) so that 7172 is obtained by first follow- 
ing 7i and then 72. Hence ^^7172 — ^72 ° ^71 5 from which it follows we have defined p to be 
a group homomorphism. A different way to view this is by observing that B is naturally 
endowed with an affine connection (as opposed to the ubiquitous linear connections) by 
pulling back the standard affine connection on Mr = M" via charts. Then ^(7) is given 
by parallel transport along 7"^ with respect to the affine connection. (See [T^.) 

Note conversely that given an immersion 6 : B ^ Mr and a representation p : iti{B) — ^ 
Aff(M]R) such that p(7) o 5 o vl^^ = 5, these data induce an affine structure on B. 

Example 1.5. (1) If i? is an (integral) affine manifold and G is a group acting properly 
and discontinuously on B via (integral) affine transformations, then B/G inherits an 
(integral) affine structure from B. 

(2) As Mr is naturally an affine manifold, with the developing map being the identity, 
if r C Mr is any lattice acting by translations on Mr, we obtain an affine structure on 
Mr/F. Here for A G 7ri(MR/r) = F, p(A) is translation by —A. Thus the affine structure 
is integral if and only if F C M. 

(3) This example is from Take M = Z^, and consider the subgroup G C Aff(MR) 
defined by 

G = {A e Aff(MR)|A(mi,m2) = (mi + vm2 + u + v{v - l)/2,m2 + v) for u,v e M}. 

(This is not quite the form given in 0, but rather G has been conjugated by translation 
by (0,-1/2) to obtain better integrality properties). G is isomorphic to M^, and if we 
choose any lattice F C G, then F acts properly and discontinuously, so that Mr/F is an 
affine manifold, topologically a two-torus. This is the only other affine structure on the 
two-torus obtained from Mr by dividing out by a properly discontinuous group action. 
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(See jSj, Theorem 4.5). Note the affine structure is integral with respect to the integral 
structure M C if and only if 

r C {A G Aff(MK)|y4(mi,m2) = (mi + vm2 + u + v{v- l)/2,m2 + v)ioi ueZ.v e Z}. 

□ 

We recall the notion of radiance obstruction from 

Definition 1.6. Let Lin : Afr(MiR) GL„(M) and Trans : Afr(MM) Mr be the 
projections. Here Lin is a homomorphism, but Trans is a crossed homomorphism with 
respect to the regular representation of GL„(]R) on M^, i.e. 

Trans(AiA2) = Lin(74i)(Trans(A2)) + Trans(Ai). 

Given an affine representation p : G ^ Aff(MR) of a group G, set p = Lin op. Then 
Trans op can be interpreted as an element Cp G H^{G,M^), where denotes the G- 
module Mr defined by the representation p. The class Cp is called the radiance obstruction 
of p. If B is an affine manifold and p : 7ri(i?) Aff(MK) is the holonomy representation 
of B, then the radiance obstruction of B is cbq '■= Cp. □ 

The radiance obstruction is an important invariant of an affine manifold. It can be 
viewed as being analogous to the cohomology class of the symplectic form on a symplectic 
manifold. 

Theorem 1.7. Two affine representations pi,p2 : G Aff(MiR) with pi = p2 are conju- 
gate by a translation if and only if Cp^ = Cp^ . 

Proof HH, page 63 L □ 

This is important for the following reason. If we compose an affine structure with a 
translation, i.e. replace 6 with o5 where denotes translation by a, then the holonomy 
representation p is replaced by p' with p'{'~f) = Tq o p['j) o t~^^ and then Trans op and 
Trans op' are cohomologous: 

Trans(p'(7)) = a — p{pf){a) + Trans(p(7)). 

Thus holonomy representations from affine structures related by translation are conjugate 
by a translation, so the radiance obstruction helps classify holonomy representations. In 
particular, this allows us to identify integral affine structures: 

Proposition 1.8. An affine representation p : G ^ M]rXiGL„(Z) C AS(M]s) is conjugate 
by a translation to a representation p' : G ^ Aff(Af) if and only if the radiance obstruction 
Cp G H^{G, M^) IS m the image of H\G, M~p) H\G, M|). 
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Proof. If p is conjugate to a representation p' : G ^ Aff(M) then u = Trans op' : G — > 
M is a crossed homomorphism representing an element of H^iG^M^) whose image in 
H^{G, Mj^) is Cp. Conversely, if Cp is in the image of H^{G, M^), then u is cohomologous 
to a f : G* — > M^, i.e. there exists a G Mjr such that u{g) —v{g) = a — p{g)a. If denotes 
translation by a, then this says o p[g) o is in Aff(M) for all g & G. □ 

The radiance obstruction in fact also plays a role in understanding the Legendre trans- 
form, as we shall see, and this is the primary reason for introducing it here. 

Definition 1.9. If B is an affine manifold, there is a flat linear connection V on 7b, where 
if yi, . . . , i/n are local affine coordinates, d/dyi, . . . , d/dyn are a frame of flat sections of 
Tb- Denote by Ar the local system of flat sections and Ak the dual local system of flat 
sections of the dual connection on Tb. If furthermore the holonomy of B is contained in 
Mr XI GL„(Z), rather than Mr x GL„(M), then there exist integral subsystems A C Ak 
and A C Ak coming from the inclusions M C Mr and C Ar. 

We note that the monodromy of the local system Ak is precisely the linear part of the 
holonomy representation. Thus the radiance obstruction can be viewed as measuring the 
difference between the monodromy of Ak and the holonomy representation. 

Remark 1.10. ^1] gives a number of ways of realising the radiance obstruction. The Cech 
realisation will also be of use to us. 

Choose an open covering {Ui\ of B along with affine charts ipi : Ui ^ Mjr. Such a chart 
allows us to identify Tu. canonically with Ui x Mr and the graph of ipi can be viewed as a 
section Si G T{Ui, TuJ, which is parallel for the affine connection, and hence is independent 
of ipi up to addition by flat sections of Tu^. Then {sj — Si)ij form a Cech 1-cocycle for 
Ar, hence represents an element of H^{B,A]s). This group is naturally isomorphic to 
H^{7Ti{B), M^), and this Cech 1-cocycle represents the radiance obstruction under this 
isomorphism. If the charts tpi are integral, then sj — Sj G T{Ui fl Uj,A), yielding the 
radiance obstruction in A). □ 

Definition 1.11. Let Aff^{B,M.) denote the sheaf of affine maps from B to M, i.e. 
functions locally of the form f o S, where / G Aff{M^, M) and 6 is the developing map. 
This sheaf fits into a natural exact sequence 

^ M Aff^{B,R) ^ Am ^ 0, 

analogous to the exact sequence of M- vector spaces ajfine 

^ M ^ Aff{A'h,R) ^N^^O. 

Similarly, if B is an integral affine manifold, define Aff{B,7j) to be the sheaf of affine 
functions on B locally of the form f oS, where / G Aff{M, Z). There is an exact sequence 

— >Z — > Aff{B, Z) — ^ A — ^ 0. 
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□ 

Another description of the radiance obstruction: 

Proposition 1.12. The extension class of 

M ^ AMB,^) ^ Ak ^ 

in Ext^(AK,]R) = H^(B,Ar) coincides with the radiance obstruction of B. 

Proof. Let {Ui} be a cover of B of contractible open sets, and on each f/j choose a 
sphtting ftj : A]R — > Aff^{B,M). Then the extension class is determined by the Cech 
cocycle {aj — ai)ij, aj — : Ar — > M. To compare this with the radiance obstruction, 
note ai determines an affine chart ipi : Ui r(f/i, Ajr) = Hom(r([/i, Ak), M) by ipi{b){n) = 
ai{n){b), for b ^ Ui, n E T{Ui,A]s) so that ai{n) is an affine hnear function on Ui. As in 
Remark 11.101 each chart ipi determines a well-defined section Sj G r(f/j,7^J, the graph 
of ipi, and the radiance obstruction is represented by {sj — Si)ij. But for 6 G f/j fl Uj, 
{sj — Si){b) is the functional on A^^b = T^i, given by {sj — Si){b){n) = aj{n){b) — ai{n){b). 
But this is precisely aj — at : AjR^b M, which doesn't depend on b, so sj — Si and aj — at 
coincide. □ 

To make contact with the metric form of SYZ, we briefiy discuss metrics on affine 
manifolds. 

Definition 1.13. Let B be an affine manifold. A Hessian metric (7 on 5 is a Riemannian 
metric on B such that locally, for affine coordinates . . . , ?/„), there is a potential 
function K such that Qij = d'^K/dyidyj. The pair {B, g) is called an affine Kdhler manifold 
or a Hessian manifold. This can be defined in a coordinate independent way as = VdK, 
a section of the bundle S'^T* C T* (g) T*. 

Affine Kahler metrics were first studied by Cheng and Yau in jH] , where metrics whose 
potential in addition satisfies the Monge-Ampere equation were studied. Such metrics 
should be especially important in the study of mirror symmetry, but we do not pursue 
this further here. Affine Kahler manifolds were called Hessian manifolds in 

The potential function K is only defined locally, up to an affine function. Thus K can 
actually be defined as a multi-valued function on B well defined up to affine functions, 
and we consider such functions more generally. 

Let B be an affine manifold, ir : B ^ B the universal cover and 6 : B ^ M-g_ the 
developing map. We consider continuous maps ip : B ^ M. which satisfy the condition 

(p-(po-qf^ = 0(7), 

where a is a map a : niiB) AfflMT^jM). Here an element of Aff{M^,M) induces a 
map on B via composition with 6. Of course AfflM^jW) is a left 7ri(i?)-module, with 7 
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acting by composition on the right with ^(7 ^) (or thinking of an element of Aff{M^, M) 
as a map on i? — > M, 7 acts by composition with Then a is a crossed homomorphism: 

"(7172) = - O *72 ° ^71 

= <^ - ((^ - a(72)) o ^71 
= 7i(«(72)) + tt(7i)- 

Thus a defines an element [a] G {ni{B) , Aff {Mj^, M)). Furthermore, adding an element 
of Aff{M]s^, M) to if replaces a with a cohomologous a', and any representative of [a] can 
be obtained in this way. 

Alternatively, we can define [a] G H\B , Aff^iB ,R)) = H\7ri{B), Aff{M^,R)). Choos- 
ing a covering of B by simply connected sets Ui and choosing a representative for (p on 
(yjj — ipj e .4jO^R([/i n f/j, M) and hence we obtain a Cech cocycle in H^{B, Ajf^{B, R)). 

Suppose now that B carries a metric of Hessian form. Any two local potential functions 
K for the metric differ by an afiine function, so we can patch to get K : B M.. If 
K-Ko^^ = a(7), the class [a] e H\7ri{B), AjJ{M^,R)) = H\B,Aff^{B,R)) is called 
the class of the metric g, as defined by Kontsevich and Soibelman 

The developing map yields an isomorphism 

Since T^j^^ = Mk x A'k, 5* gives an isomorphism of B x N^. with 7^. Let q : B x N]^ ^ Nj^ 
be the projection. Then {6*)~^{dK) is a section of 6*T^j^, so we can view 

S := q o {6*)-\dK) 

as a function 6 : B ^ N-^. This is just the differential dK under these identifications. 
Because the Hessian of K is positive definite, 6 is an immersion, hence defining a new 
affine structure on B. Note that da{'~f) is naturally identified with an element of N^. 
Under this identification, one can check that 

*P(7~^) o (5 o + da(7) = 5, 

and thus tti (B) acts on the new affine structure on B by affine transformations. Dividing 
B by this action, we obtain a new affine structure on B, which we denote by B. So 
the holonomy representation p : 7^i{B) —>■ Aff(A^iR) of the affine structure given by 6 has 
linear part p* dual to the representation p. Also da{'-f) G is just the projection of 
0(7) G Aff{M-^,M.) onto iViR. Thus the radiance obstruction of the affine structure 6 is 
just the projection of [a] G H\7ri{B), Aff{MK,R)) to H\7ri{B) , N^) . 
We can also define the Legendre transform of K as, for x E B, 



k{x) = {5{x),6{x)) - K{x). 
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Then the Hessian of K defines the same metric as K on 5, and dK = 6. For a proof 
of this, see |21], §5. We call {B,K) the Legendre transform of {B,K). We note we have 
shown the radiance obstruction of B is determined by the class of the metric. Conversely, 
the class of the metric on B is at least partially determined by the radiance obstruction 
of B, since dK = S. 

The role of the Legendre transform in the SYZ picture of mirror symmetry is well- 
understood, and was first explained by Hitchin [21]. See also [221, which develops this 
point of view further. It is precisely the presence of the potential function K which allows 
us to pass between B and B, thus dualizing affine manifolds. One of the key points of 
this paper is that we can in fact formulate a discrete version of this, and replace K with 
a piecewise linear function. This will enable us to obtain an algebro-geometric analog of 
SYZ. 

Example 1.14. In Example II. 5^ (2), we can take any convex quadratic function K : 
Mjg ^ R to serve as a potential. Now K satisfies the periodicity condition 

K{x + 7) = K{x) + a(7)(x) 

for 7 G r, X G M]g, and some 0(7) G Aff{MR,M). Taking differentials of this equation, 
we get 6{x + •y) = 6{x) + da (7) G N^. Thus if we set 

f = {da(7) G N^\-f G r}, 

then the dual torus can be identified as N-^/T. 

In Example II. 51 (3), in fact there is no convex function K : — ^ M defining a Hessian 
metric on B. (The easiest way to see this is to note that the torus bundle X{B) := Tg/A 
has a natural complex structure on it making X{B) isomorphic to a primary Kodaira 
surface, and the pull-back of K to X{B) is the Kahler potential of a Kahler metric. 
However a primary Kodaira surface is not Kahler). □ 

1.2. AfRne manifolds with singularities. 

Definition 1.15. An affine manifold with singularities is a topological manifold B along 
with a closed set A C 5 which is locally a finite union of locally closed submanifolds 
of codimension at least 2, and an affine structure on Bq = B \ A. An affine manifold 
with singularities is integral if the affine structure on Bq is integral. We always denote 
hj i : Bq B the inclusion map. A continuous map f : B ^ B' oi (integral) affine 
manifolds with singularities is (integral) affine if /'^{B'q) fl Bq is dense in B and 

f\f-HB'o)nBo '■ f'^iK) ^Bq^ Bq 



is (integral) affine. 



□ 
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Example 1.16. We give a variety of two-dimensional examples. 

(1) Let B = {z E C\\z\ < 1} , Bq = B \ {0}. Let H ^ Bq he the universal cover, where 
Ti. is the upper half-plane with coordinate w and covering map given hj w ^ q2-kiw ^ Then 

5{w) = (^Re (e^-™) , Re (^ne^^™ (^w - ^ ^ 

defines an affine structure on Bq (this is the developing map of Ti into M^). If 7 is a 
counterclockwise simple loop around the origin, then ^(7) is linear, given by the matrix 
1 0' 
—n 1 

To see how this affine structure arises, consider the family fo : BqX C/ (1, t{z)) Bq of 
elliptic curves over Bq with period t{z) = ^ log 2;. This elliptic curve can be compactified 
over B by adding a Kodaira-type /„ fibre, i.e. a cycle of n projective lines. Let y be the 
fibre coordinate in this family: then dz A dy is a. holomorphic 2-form, and Iie{dz A dy) is 
a symplectic form, making the elliptic fibration into a Lagrangian fibration. The Arnold- 
Liouville Theorem yields an affine structure on Bq. A choice of affine coordinates xi,X2 
in a neighbourhood U ^ Bq is given by a choice of continuously varying local basis 71, 72 
for Hi{f-\b), Z) for beU. Then atbeU, 





dxj = dzi^ I {L{d/dzi)Re{dz A dy))\ j + dz2 yj {L{d/dz2)Re{dz A dy))\ j^-i^^^ 

for z = Zi + iz2- (See fH]; §2 for more details concerning the Arnold-Liouville theorem 
in the special Lagrangian situation). Taking 71 to be given by the period 1 and 72 to 
be given by the period t{z), then dxi = Re{dz) and dx2 = Re{T{z)dz), so we can take 
Xi = Rez and X2 = Re (2^(2; log 2; — 2)) as given. 

We note that Re2 = gives a well-defined line through the origin. This allows one to 
identify this affine structure in a neighbourhood of zero for n = 1 with a neighbourhood 
of the singularity defined in (2). 

(2) Next we will give an affine manifold (with boundary) with singularities by gluing 
together polyhedra. The affine manifold will be a union of two triangles, as depicted in 
either the left or right hand pictures below, but we define the affine structure by drawing 
the affine embedding of two open sets covering B, obtained by making cuts as shown. 
Here the solid lines denote cuts, the "x" being the singular point, and affine coordinates 
are given at the vertices of the two triangles. Thus the two pictures give two systems of 
affine coordinates, linear on each triangle. The intersection of the two coordinate charts 
is just B minus the common edge of the two triangles. On the left-hand component the 
change of coordinates is the identity, but on the right-hand component the change of 
coordinates is given by {xi,X2) ^ {xi,Xi + X2). Alternatively, the right-hand triangles 
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in the left and right-hand pictures are the same, identified by the hnear transformation 
1 1 



(1,1) 





(-1,0) (0,0) (1,0) (-1,0) (0,0) 



(3) The dual intersection complex of the quartic degeneration given in the introduction 
is an integral affine manifold with singularities. 

(4) A cone with a cone angle < a < 27r is an example of an affine manifold with 
singularities: take the wedge {z G C|0 < arg^ < a} in C, and identify the two edges via 
rotation. The holonomy is given by rotation by the angle —a, i.e. 



cos a sm a 
— sin a cos a 

Such a rotation is integral with respect to any lattice in C if a = vr, is integral with respect 
to the lattice Z[z] C C if a = nn/2, 1 < n < 4, and is integral with respect to the lattice 
Z[(l + i\^)/2] if a = nn/S, 1 < n < 6. In no other cases is the cone integral. 

In the case these affine structures are integral, these are all interesting singularities. 
However, in this paper, the only two-dimensional singularities we will deal with in our 
general construction will be those occuring in (l)-(3). In particular, the examples of (4) 
do not have polyhedral decompositions in the sense defined in the next section. A more 
general approach to building degenerations from affine manifolds with singularities should 
also deal with singularities of the second type. This seems possible in two dimensions, 
and there is some hope of generalising this to higher dimensions. □ 

Example 1.17. Let / : X — be an elliptically fibreed K3 surface with holomorphic 2- 
form r2 = fii + 1^2- The fibres of / are Lagrangian with respect to both Qi and ^2- As in 
Example 11.161 (1), by the Arnold-Liouville theorem, one then obtains from each of these 
symplectic forms an affine structure on i3o = \ ^7 where A is the discriminant locus of 
/. These affine structures will in fact be related by a Legendre transform. Furthermore, 
if [Qi] G H^{X,7j), then one can show the affine structure induced by Qi will be integral. 

Example 1.18. Let S C Mk = M" be a polytope containing in its interior, and let 
B = d'E. Denote by Bar(i?) the first barycentric subdivision of the boundary of S (see 
Definition II. 25j) . Let A be the union of the simplices in Bar (5) not containing any vertex 
of S nor containing the barycenter of any n — 1-dimensional face of S. Set Bq = B \ A. 
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We can define an affine structure on Bq as follows. For every n — 1-dimensional face a 
of S, let = Int(o"). For each vertex v of S, let v C B he the union of all simplices of 
Bar(i?) containing v, and set Wy = Int(^). Then {VFo-} U {W^} form an open cover for 
Bq. We can then define affine charts for each n — 1-dimensional face a, 

to be the inclusion of a inside the affine hyperplane A^- spanned by a. For a vertex v, 
define a chart 

by projection. It is a simple exercise to show this defines an affine structure on Bq, which 
is integral when S is a reflexive lattice polytope jB]. See [221 ^ generalisation of this 
construction. 

Example 1.19. Let M = + 2, 3, 4), and let S C Mk be the polytope with vertices 

(-1,-1, -1,-1), (1,0, 0,0), (0,1, 0,0), (0,0, 1,0), (0,0, 0,1). 

(Adding the fractional lattice point is not necessary for this example, but will be used in 
Example 14.291 ) By Example II. 181 we obtain an integral affine manifold with singularities 
structure on dS. Furthermore, the group Z/5Z acts on M with generator 



/o 








-1\ 


1 








-1 





1 





-1 


^0 





1 


-1/ 



This cyclically permutes the vertices of S, and one can check it induces integral affine 
automorphisms of the boundary. Thus if i? = 9S/(Z/5Z), B is also an integral affine 
manifold with singularities. In this case B is in fact a lens space. 

Example 1.20. Let E C Mr = M'^ be the octahedron with vertices 

(±1,0,0),(0,±1,0),(0,0,±1). 

Then Z/2Z acts on S by negation, and thus acts on dE by affine transformations. Take 
B = 9S/(Z/2Z). This is a real projective plane, with six singular points. 

1.3. Polyhedral decompositions. We would like to define a polyhedral decomposition 
of an affine manifold B with singularities. Intuitively, we want this to be a cell decom- 
position of B into polyhedra in affine space. There are two subtleties which make the 
definition slightly complicated. The first is that we would like our cells to be able to be 
self-intersecting: for example, if 5 = M/Z, we would like to take i? to be a maximal cell 
(viewed as the interval [0, 1] with endpoints identified) and mod Z a zero- dimensional 
cell. This is the dual intersection complex of a nodal elliptic curve, and we do not wish to 
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rule out such a basic example. As a result, we first define a polyhedral decomposition of a 
region in Mjr, and then use this definition locally on B. Secondly, there is some subtlety 
in how cells are allowed to interact with the discriminant locus, and this will show up in 
the additional restriction given below for toric polyhedral decompositions. 

Definition 1.21. A polyhedral decomposition of a closed set R C is a locally finite 
covering ^ of i? by closed convex polytopes (called cells) with the property that 

(1) ii a & ^ and r C cr is a face then r G 

(2) if cr, a' G then cr fl a' is a common face of a and a'. 

We say the decomposition is integral if all vertices (0-dimensional elements of ^) are 
contained in M. □ 

For a polyhedral decomposition ^ and cr G we define the (relative) interior of a as 



Definition 1.22. Let B be an integral affine manifold with singularities. A polyhedral 
decomposition of 5 is a collection ^ of closed subsets of B (called cells) covering B which 
satisfies the following properties. If {v} G for some point f G -B, then v ^ A and there 
exists an integral polyhedral decomposition of a closed neighbourhood of the origin 
Rv ^ ^R,v — Tb,v (the stalk of the local system Ak at v or equivalently the tangent space 
of B at v) which is the closure of an open neighbourhood of the origin, and a continuous 
map exp^ : i?„ — > 5, exp^(O) = v, satisfying 

(1) exp^, is locally a homeomorphism onto its image, is injective on Int(r) for all r G 
and is an integral affine map in some neighbourhood of the origin. 

(2) For every top-dimensional a G <^^„, exp^(Int(a)) fl A = and the restriction of exp^ 
to Int(a") is integral affine. Furthermore, exp^(f) G l!^ for all f G 

(3) a G ^ and v E a ^ a = expv(a) for some cr G with G ct. 

(4) Every a E contains a point w G cr with {v} G !^ . 

In addition we say the polyhedral decomposition is toric if it satisfies the additional 
condition 

(5) For each cr G <^^, there is a neighbourhood U„ C B oi Int (cr) and an integral affine 
submersion '■ ^ where M' is a lattice of rank equal to dimB — dim a and 



We will write <^^max = {cr G is maximal, i.e. dim cr = dimS}. 

Example 1.23. (1) If i? = Mk, A = 0, a polyhedral decomposition of B is just an integral 
polyhedral decomposition of Mr in the sense of Definition 11.211 In this case, when the 
discriminant locus A is empty, the toric condition is vacuous, li B = Mk/F for some 
lattice F, then a polyhedral decomposition of B is induced by a polyhedral decomposition 



Int (cr) = a\ 




S^{a n U^) = {0}. 



□ 
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of M]R invariant under F. Similarly, in Example 11.51 (3), the same holds. For example, 
Mk/F has a polyhedral decomposition containing only one maximal cell, coming from a 
fundamental domain for the action of F on M^. 

(2) When B has singularities, the definition of toric polyhedral decomposition imposes 
some slightly subtle restrictions on how the cells of ^ interact with A. In particular, 
it places strong conditions on the holonomy of B locally near A: see Proposition 11.321 
However, it is a useful exercise to verify in Example 11.181 that if one takes ^ to be the 
collection of all proper subfaces of S, then ^ is a. toric polyhedral decomposition of B. 
Furthermore, in Examples 11.191 and ll.20[ this polyhedral decomposition on dS descends 
to a polyhedral decomposition of B. In particular, in the case of Example 11.191 there is 
only one cell of dimension three in the decomposition, and one vertex. One reason for 
the complexity of the definition of polyhedral decomposition is that we wish to allow cells 
to be self-intersecting, i.e. be polytopes with some sides identified. These examples show 
the necessity of this. □ 

Remark 1.24. Given a polyhedral decomposition ^ on B, if w is a vertex of we 
can look at the polyhedral decomposition of Ry in a small neighbourhood of the origin 
in AjR^^. This clearly coincides with a small neighbourhood of the origin of a complete 
rational polyhedral fan in A^y. 




In fact, we shall shortly see that the data of the affine structures on maximal cells of 
and a fan structure at each vertex v essentially determine the affine structure on B. □ 

Definition 1.25. Recall that if a C Mjj is a polytope, then the barycenter Bar(cr) of a is 
the average of the vertices of a, and thus is invariant under affine transformations. The 
first barycentric subdivision of a is then the triangulation of a consisting of all simplices 
spanned by barycenters of ascending chains of faces of a. Thus given a polyhedral decom- 
position ^ of an affine manifold with singularities B, we can define the first barycentric 
subdivision Bar(<^^) of ^ to be the triangulation consisting of all images of simplices in 
the first barycentric subdivisions of all a G for all vertices v. Because barycentric 
subdivisions are affine invariants, this gives a well-defined triangulation of B. Note that 
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Bar(<5^) need not be a polyhedral decomposition of 5 if A ^ 0. For example, a vertex of 
Bar(^) might be contained in A. 

For any r G 0^ ^ let be the union of the interiors of all simplices of Bar(^) in- 
tersecting Int(r) (i.e. having the barycenter of r as a vertex). This can be thought 
of as the (open) star of the barycenter of r in the triangulation Ba.T{^) of B. Set 
>^ = {VFtIt £ ^}', this is an open covering of B. □ 

Construction 1.26. We will now describe a standard procedure for constructing affine 
manifolds with singularities along with polyhedral decompositions. Let J^' be a collection 
of n-dimensional integral polytopes in Mk. Suppose we are given integral affine identifi- 
cations of various proper faces of the polytopes in in such a way that once we glue 
the polytopes using these identifications, we obtain a manifold B, along with a decom- 
position ^ consisting of images of faces of polytopes in In particular, we have the 
identification map 

tt: Y[ a '^B 

Now B is not yet an affine manifold with singularities. It only has an affine structure 
defined in the interiors of maximal cells. When two polytopes of are identified along 
faces, we have an affine structure on that face, but no affine structure in the directions 
"transversal" to that face. We cannot, however, expect an affine structure on all of B, and 
we need to choose a discriminant locus. This still does not give enough data to specify 
an affine structure on B away from the discriminant locus. We will also need to choose 
a fan structure at each vertex of We define these data below, but first define the 
discriminant locus. 

Let Bar(,^) be the first barycentric subdivision of Then we define A' C B to be 
the union of all simplices in Bar(^) not containing a vertex of ^ or the barycenter of a 
maximal cell of 

For a vertex v of let Wy be the union of the interiors of all simplices in Bar(,^^) 
containing v. Then is an open neighbourhood of v, and 

{Wy\v a vertex of ^} U {Int(cr)|cr G =^max} 

forms an open covering of B \ A'. To define an affine structure on i? \ A', we need to 
choose affine charts on W^. 
For a vertex w of let 

= {(v\ a')\v' ea' e ^' a vertex, Tr{v') = v}. 

Let Ry be the quotient of JJ^-^, ^t^^ c^, cr' by the following equivalence relation. Let {v'^, crQ G 
^'y and ?/j G cTj' for 2 = 1, 2. Let C a'^ be the smallest subface of a'^ containing i/i. Then 
yi ~ 2/2 if 

(1) 7r(yi) = 7r(?/2). 
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(2) v[ G u[. 

(3) TT identifies germs of uj[ at v[ and ci;2 at t^. By tliis we mean there exist arbitrarily 
small open neighbourhoods Ui of v[ in u[ such that vr(f/i) = 7r([/2)- 

(This equivalence relation was not quite correct in JH]-) For example, if ^P' consists of 
the unit square in M^, and B is obtained by identifying opposite sides, we have a unique 
vertex v m and the picture 























v' 














V 






B 









Rv 

Condition (3) is necessary in this example, as otherwise there would be further identifi- 
cations of the interior one-dimensional faces of R^. 
There is a continuous map 

TT^, : Ry — > B 

defined by taking b ^ a' C to vr(6), and it is easy to see that if is the connected 
component of 7i~^{W^) containing the equivalence class of points {v' G a'\{v',a') G 
in Ry, then Uy — > Wy is a homeomorphism. We write this equivalence class of points as 
v'. 

Ry has an abstract polyhedral decomposition ^y, with v' the unique vertex in Uy 
mapping to v. We will need to find an embedding iy : Ry ^ Mr. If this is done 
appropriately, then a coordinate chart ifjy : Wy Mr can be defined as iy o 7r~^|iy„, and 
exp^ : iy{Ry) B can be defined as Hy o i"^, giving both an afiine structure on 5 \ A' 
and a proof that ^ is a polyhedral decomposition of B. 

To do this, we need to choose a fan structure at each vertex w of This means for each 
V we choose a complete rational polyhedral fan Sj, in Mjr (see j^ZI for a definition) and a 
one-to-one inclusion preserving correspondence between elements of ^y containing v' and 
elements of S^, which we write as a i— ay/. Furthermore, this correspondence should have 
the property that there exist integral affine isomorphisms v between the tangent wedge 
of a at v' and ay/ which preserves the correspondence. Such an isomorphism, if it exists, 
is unique (it is determined by specifying what it does to primitive integral generators of 
each ray, and by integrality, these must be sent to primitive integral generators). By this 
uniqueness, the maps v glue together to give a map 



Rv 



Mm 
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which is a homeomorphism onto its image. Then it is easy to see that using i/jy and exp^ 
as defined above one obtains an integral affine structure on Bq := B \ A' and one sees 
that ^ is a polyhedral decomposition. □ 

Suppose we have carried out Construction II. 2bl and so obtained an affine structure on 
B \A' and a polyhedral decomposition It often happens that our choice of A' is too 
crude, and we can still extend the affine structure to a larger open set of B. Our original 
discriminant locus A' is a union of all codimension two simplices of Bar(^) not containing 
a vertex of ^ or the barycenter of a maximal cell of Let r be such a simplex. Locally 
at a point b G Int(r), B\A' takes the form M"-^ x (M^ \ {(q, 0)}) topologically. We say 
the holonomy around the simplex r is trivial if the holonomy of the affine structure on 
B\A' about a simple loop around the origin in \ {(0, 0)} C M"^^ x (M? \ {(0, 0)}) is 
trivial. 

Let A be the union of all codimension two simplices in A' about which the holonomy 
is non-trivial. 

Proposition 1.27. The affine structure on B\A' extends uniquely to an affine structure 
on B\A. 

Proof. Let u; be a simplex of Bar(i^) contained in A' but not A. Let r be the minimal 
cell of containing uj. Then < dimr < dimi?. Choose a vertex i; of r such that 
^ ^ Wy, and we obtain C Ar^^,, J^y and exp^ : B. Let f G with G f and 

exp^,(f) = r. Let be the connected component of exp~^(Wy) containing 0, and let u C 
f nUy he such that exp^,(u)) = u. Then f is contained in maximal cells a"i, . . . , 5"^ G 
Let f/ be a small open neighbourhood of lnt{uj) which is contained in [J cr^ and such that 
expy{U) is disjoint from any simplex in A' not containing uj. Then U C Ak,^ inherits an 
integral affine structure. 

Let U' = U \ exp~^(A'). If we can show exp^, \ is an integral affine isomorphism onto 
its image in i? \ A', then we can patch U and B\ A' and so extend the integral affine 
structure across Int(co'). 

It is clear from our choice of U that exp^ \ ui is a homeomorphism onto its image, and 
by construction it is integral affine on 

U' n {Uy U Int((Ti) U ■ ■ ■ U Int(cr^)). 

Vl y eU' \ {Uy U Int(ai) U ■ ■ ■ U Int(crm)), we need to show exp^ is integral affine at y. Let 
y be a small open neighbourhood of y in [/', mapping V onto an open set ex^yiV) which 
we can identify via its affine structure as an open set in AK_exp„(y)- Then exp„ is affine on 
y n CTj, say given by affine transformations 



i'i '■ AIR,^, — > Ar^cxp„{j/)- 
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Let 7 be the image of a loop based at y which passes from y into di to 0, then into dj 
and back to y. Then up to conjugation by a translation, p{^) = ^pi o ^J^. Now 7 can be 
viewed as a loop around a codimension 2 simplex of A' containing u, so p(7) is assumed 
to be trivial. This says ipi = ipj. This holds for all 1 < i, j < m and so exp^ is affine at y 
coinciding with ipi for any i. 

Uniqueness follows since for a map between connected open subsets of M" to be affine 
can be checked on any connected, dense open subset. □ 

Definition 1.28. Let B be an integral affine manifold with singularities and a polyhedral 
decomposition H^. We define a sheaf A^^^ u on Bq as a subsheaf of Ajr by setting 

r(t/, A^^k) = |i; G r(f/, A]r) \/y E U, a E ^ with y E a, v is tangent to a at y 

Similarly, we can define A^ as above as a subsheaf of A. Note that if y G Int((T), the stalk 
(A^,R)y is the tangent space to a at y, and A^^^ is a lattice in {A^^]^)y. □ 

The existence of a polyhedral decomposition of an affine manifold with singularities 
places restrictions on the nature of its singularities, and whether the polyhedral decom- 
position is toric can be detected via its holonomy. 

Proposition 1.29. Let be a polyhedral decomposition of B. an integral affine manifold 
with singularities. For any r G , there exists an open neighbourhood Ut o/Int(r) such 
that if y E Int(r) \ A and 

p:7ri(f/,\A,y)^Aff(AM,,) 

is the local holonomy representation, 

p:7ri(t/AA,y)^GL(Affi,j,) 

the linear part of the holonomy representation (hence the monodromy representation for 
the local system K), then the radiance obstruction of p is trivial and 

(p~(7)-/)((A,^,r),) = 

for all-f G TTiiUr \ A,y). 

Proof. Let v he a. vertex of r, ^„ and exp„ as usual, and let f G with G f and 
exp^,(f) = r. Let Ur be a sufficiently small open neighbourhood of Int(f) such that exp^ 
maps Ur homeomorphically to an open neighbourhood Ur of Int(r). Let y E Ry map to 
y G Int(r) \ A. Consider a loop in f/^ \ A based at y, which we can lift to a loop 7 in Ur 
based at y. We can always assume, by deforming 7, that 7 intersects non-maximal cells 
of ^„ only in a finite number of points. Indexing these points by Z/mZ, we write them 
as y = io; ^1; • • • ; ^m-i ordcr through which 7 passes through them, so that we arrive 
at Zm = zq when we have finished traversing 7. Let di G be the maximal cell that 7 
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passes through between Zi and Finally, let zi = exp^{zi). Identifying a small open 
neighbourhood Vi of Zi with an open neighbourhood of the origin in A^ ^., the map exp^ 
is given by affine maps 

on exp~^{Vi) n aj„i and exp~-^(yj) fl di respectively. If Zi G Int(tl'j) for some cell u)j G 
then ipl~^ and -i/^* must agree on the linear space Mu)j spanned by u)j, and since we can 
assume Ur is sufficiently small, we can assume Ma)j contains Mr. Thus is the 

identity on Mr, while ip^~'^ and ■i/'Q identify Mr with (A,92^K)y. Now we see that 

which is the identity on {A^^^]s)y. In particular, G {A^gs^]s)y is fixed by p(7) so the 
translational part of p{'-f) is zero and the radiance obstruction vanishes. □ 

Remark 1.30. This local triviality of the radiance obstruction can be viewed as saying that 
the radiance obstruction cbq G H^{Bq,A) is in the image of the inclusion H^{B,i^,A) 
H^{Bq,A) induced by the Leray spectral sequence for i : Bq ^ B . Indeed, local triviality 
says that the radiance obstruction is zero in H^{B, R^i^^A). 

Definition 1.31. Let B be an integral affine manifold with singularities with a polyhedral 
decomposition If a G then the subspaces {A^^^)y of Ak^j, for all y G Int((j) \ A are 
canonically identified via parallel transport in a neighbourhood of lnt{a) by Proposition 
11.291 For any y G Int(a) \ A we denote this subspace of A^^y by Aq-^r. Similarly, we denote 
by Ao- the corresponding subspace of Ay for y G Int(cr) \ A. 

Proposition 1.32. Let ^ be a polyhedral decomposition of B. Then is toric if and 
only if for each r G there exists an open neighbourhood Ur o/ Int(r) such that if 
y G Int(r) \ A with 

p:7ri([/,\A,y)^Aff(AMj, 
the local holonomy representation, then (p(7) — I){A^^y) C A^^r. 

Proof. First suppose (p(7) — I){A^^y) C A^-r in Ur, and we will show, possibly after 
shrinking Ur, that there is an affine submersion Sr '■ Ur ^ Ar^j^/A^^r with S'r(Int(r)) = 0, 
thus showing ^ is toric. Let G r be a vertex, R^, as usual, with f G with G r 
and exp^(f) = r. Possibly by shrinking Ur, we can assume there is an open neighbourhood 
of Int(f), Ifr ^ Rv, with exp^ a homeomorphism of Ur onto Ur- If we choose v to be in 
the same connected component of r \ A as we can identify Ar^^ and Ar^„ by parallel 
transport along a path in r, and under this identification, the linear space Mr spanned 
by f is identified with A^-r. 
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We can then define 



where Pr : Ak^. 



Sr=PrO exp^ 

AiR^t,/Mf is the projection. This is a continuous map, and clearly 



5'T-(Int(r)) =0, so we just need to show Sr is an afiine submersion. 

To do so, it suffices to show it is an affine submersion at any point y' G Int(r) \ A. 
Identify a small neighbourhood V of such a point with a neighbourhood in Ak j,/. If 
ai, . . . , 0"^ are the maximal cells of containing f, then exp^, is given by an affine map 
ipi : Ak — > Air on a,, fl V. On the other hand, holonomy around a simple loop based at 
y into CTj through y' into aj back to y is given by ip'-^ o ipj^ so by assumption on the local 
holonomy, it is clear that Pr o ip'^ = Pt° ipj^- Thus Sr is affine at y', as 5*1- coincides with 
the affine submersion p^ o for any i. 

Conversely, suppose we have an affine submersion Sr '■ Ur as in Definition 11.221 

(5). Then for y G Int(r) \ A, Sr* : A^^y clearly yields a factorization of Sr* 

as A^^y — s> A]R^y/ Ar^R—^M^. Thus on Ur \ A, the sheaf kernel of Sr* : A^ — > 
is just obtained from A^k by parallel transport. Thus for any 7 G 7ri(f/^ \ A,?/), as 
p(7)(A^^ir) = A^^iR, the transformation p(7) induces the identity on A]s^^y/Ar,R = M^. Thus 
(p(7) - /) (Ak,^) C Ar,R as desired. □ 

There will also be information in the normal directions of a cell r G <^^, for example 
the fan "Er introduced in Definition 11.351 below. The normal spaces of the cells also glue 
into a sheaf, but now special care has to be taken with the discriminant locus because of 
monodromy. The following definition turns out to work best. 

Definition 1.33. Let B be an integral affine manifold with singularities and a toric 
polyhedral decomposition We define a subsheaf Q^^r of z*(Ak/A<^ir) as follows. A 
section s G T{U, i^^A^/ Agi^R)) is a section of Q,;^,r if there is an open cover {Ui} of U such 
that for any i and for any path 7 : [0, 1] Ui \ A, 7*s G r([0, 1], 7*(Air/A^ r)) is induced 
by a section t G r([0, 1],7*Ak) (so local sections are constant under parallel transport). 
We similarly define a subsheaf Q,^ of i*{A/A,^). 

We note that if y G Int(a) for some a & and [/ is a connected open neighbourhood 
of y disjoint from any r ^ 3^ with a ^ r, then 



where G a fl (f/ \ A). By Proposition II. 32t this is independent of the choice of y' . We 



r([/, Qpj,^ — A^^yi I A„^ 



and 



r(f/, = Ay,/A^ 



will write 




y 
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for any y G Int(cr), being independent of the choice of y. 

Example 1.34. Suppose dimi? = 2, cti, (T2 G <^^max with cti n a"2 = r a cell of dimension 
one, and suppose A n r = {p\. Thus Int(r) \ A has two connected components. Then 
Kj K:y, is the constant sheaf Z on Int(r) \ A, and i^{K/ Kgs) then has stalk Z © Z at p, 
which is bigger than we want. On the other hand, if A has non-trivial monodromy around 
p, then T{U \ {p}. A) = T{U \ {p}, A<^) for U any sufficiently small neighbourhood of p. 
Thus i^Kji^fKg^ has stalk at p. The above definition is designed to give an intermediate 
value for the stalk, namely Z. 

Definition 1.35. The fan S^. Suppose B is integral affine with singularities and ^ is a 
toric polyhedral decomposition. Let r G <^^. We will construct a rational polyhedral fan 
in Qt-jj (with integral structure Qr) associated to r. 

Let Sr : Ur ^ be as in Definition 11.221 (5). For any point y G Int(r) \ A, Sr^* 
identifies Aj^^y/A^-^^ = Q^-r with M^, so we can take = Qt,r- The idea now is that 
if we take Ur small enough, then inside Ur the decomposition ^ looks like the pull back 
of a fan in under the map Sr- Indeed, let denote the collection of closures of 
connected components of the sets lnt{a) fl Ur, where a ranges over all elements of ^ 
containing r. For any a G set 

Ka = {aSr{x)\a G M>o and x G cr fl Ur} = IR>o ■ Sr{cr). 

Because Sr contracts Int(r) to a point, this can be viewed as the tangent wedge to a at 
a point y G Int(r) modulo the linear space Ar,R. We set 

= {lUa G ^r}. 

It is clear that T,r is a complete rational polyhedral fan in Qr,R- Note that if r is a vertex 
V, then this coincides with S„ of Remark |l. 241 □ 

Note we do not necessarily have a one-to-one correspondence between cells of con- 
taining r and cones of Ur- This is because we have allowed the possibility that cells can 
be self-intersecting, as in Example 11.23| (1), where a fundamental domain for the action 
of r on Mk is used to induce a polyhedral decomposition of Mr/F. It is because of this 
possibility that we use the following notion to generalize the concept of inclusion of cells: 

Definition 1.36. Let Cat(^) be the category whose set of objects is the set and 
morphisms are defined as follows: if r ^ a then Hom(r, a) = 0; if r = cr then Hom(r, a) = 
{id}, and if r C a, then Hom(r, o") is the set of 1-simplices in the triangulation Bar(<^^) 
with endpoints Bar(r) and Bar((T). If ei is an edge joining Bar(r) and Bar(cr) and 62 an 
edge joining Bar((T) and Bar(u;), then 62 o ei is defined to be the third edge of the unique 
2-simplex containing ei and 62- 
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The key point here is that if the neighbourhood Ur of Int(r) is taken to be sufficiently 
small, then there is a natural one-to-one correspondence between the set of connected 
components of lnt{a) fl Ur and the set Hom(r, a), with each component of Int(cr) fl Ur 
intersecting precisely one element of Hom(r, a). Thus there is one cone in the fan 
coming from a for each element of Hom(r, a), and we obtain a one-to-one correspondence 
between cones of T,r and the set 

J J Hom(r, a). 

Now we can obtain the relationship between and when r C a; this depends on 
an e G Hom(r, cr) corresponding to a connected component Tg of Int(cr) fl Ur- Choose a 
path 7 in Ur from some x G Int(r) \ A to some y G Tg \ A. By parallel transport this 
defines an isomorphism Ajr a. ^R,y, and hence a surjection : Qr,R Qa,R, which is 
defined independently of the path 7 by Proposition I1.321 If denotes the cone of E,- 
corresponding to the connected component T^, then the map Pe is easily seen to identify Sg. 
with the quotient fan S^(i^e), which is defined as follows. This identification is completely 
canonical, depending only on e. 

Definition 1.37. Let S be a fan on a vector space Mjr, and let r G S be a cone. We 
denote by S(r) the fan in Mk/Mt consisting of the cones 

{(c7 + Mr)/Mr|a D r, (j G S}. 

We say S(r) is the quotient fan of S by the cone r. 

We also denote by r~^S the fan of (not strictly convex!) cones 

{a + Mr|a ^ r, G S}. 

We call this the localisation of the fan S at r. □ 

Definition 1.38. The normal fan E,-. Let r G and let y G Int(r) \ A be any point. 
Let w be a vertex of r contained in the same connected component of r \ A as and let 
Rv, ^v, and exp^, be as usual, and f G with G f and exp^(f) = r. Then via parallel 
translation along r, Ajg^t, can be canonically identified with A-^^y so that Mr and Ar,R 
are identified. We can then view f C A^ig as a polytope under this identification, with 
dimf = dim At- K. In particular, f is well-defined up to translation in A^- r independently 
of the choice of y. This associates to each cell a canonical (up to translation) polytope. 

We define to be the normal fan in A* ^ to f in the usual way, as follows. For each 
face (1; C f, let 

Ki_j = {/ G A*]g| is constant and (/, z) > (/, x) for 2; G r, x G oj}. 

Then the collection of cones {Klo} form the normal fan S,- in A*^, which is completely 
well-defined. It is then easy to see there is a one-to-one correspondence between cones of 
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t^T- and the set 

J J Hom(ci;, r). 

□ 

Definition 1.39. Let ^ be a polyhedral decomposition of B. Let Aff^lBjM.) denote 
the sheaf of continuous functions on S to M which are affine when restricted to Bq. We 
define Ajf{B,Z) to be the subsheaf of Aff^{B,'R) of functions which when restricted to 
Bo are in Aff{Bo,Z) (Definition HHT)). 

Global affine functions are either unbounded or constant. 

Proposition 1.40. Let ^ he a polyhedral decomposition of B and ip : B ^ M. a bounded 
affine function. Then ip is constant. 

Proof. Assume (p is non-constant. Then its linear part is non-zero at every x & Bq. We 
construct a piecewise integral affine map 7 : M>o — > B with intervals of linearity mapping 
to edges of ^ and such that (y? o 7 is strictly monotone. Then </) o 7 is unbounded because 
7 traces through infinitely many edges and on each edge o 7 increases at least by 1. 

First note that for each edge t E ^ the restriction (p\int(T) is affine, regardless of r 
intersecting A or not. In fact, there exists a top-dimensional cell a E containing r and 
V^|int((T) is affine linear. By continuity of p) the pull-back to some polytope a covering a is 
then also affine, and there is an edge f da mapping to r. 

Now we construct 7 inductively; in the ra-th step 7^ passes through n edges. For n = 
just choose a vertex v E B and let 70 : {0} B have image v. To construct 7n+i let 
r be the last edge passed through by 7„. Thus if 7„ is defined on [0, a] and the integral 
length of r is / then 7n|[a-/,a] is given by [a — /, a] ^ f ^ B. The identification of [a — I, a] 
with f is done in such a way that a — I maps to 7n(o — I) = 7n-i(fl — 0- ^^e endpoint 
w = 7n(a) the level set of (p locally separates B into two connected components with 
7n([fl ^ o)) being contained in only one of them for e small. Now because defines a 
fan structure at w there exists an edge r' E emanating from w into the other connected 
component. Then 'p)\ri is strictly increasing when starting from w. Hence we can attach 
an interval equal to the integral length of r' to the domain of definition of 7^ and map it 
in an integral affine way onto r' to obtain 7„+i. □ 

Proposition 1.41. If i : Bq "-^ B denotes the inclusion and B has a polyhedral decom- 
position ^, then Aff^{B,R) = i^Aff^{BQ,R) and Aff{B,Z) = z^Aff{BQ,Z). 

Proof. Let U d B he open, Uq = U \ A. Then there is certainly an inclusion given by 
restriction Aff^{U,'R) Aff^{UQ,'R), because Uq is dense in U and thus a function on 
Uq has at most one continuous extension to U. Conversely, given an affine function on Uq, 
to extend it to U we need only to find extensions on an open covering of U; by uniqueness 
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these extensions will glue. Thus we can assume U to be as small as we like. In particular, 
we can assume f/ is a small neighbourhood of a point y G Int(r) (1 A, t E Let f be a 
vertex of r, R^, exp„ as usual, f e J^i, with G f and exp^(f) = r. Let y G Int(f) 
satisfy exp^(^) = y, and let f/ be a lift of U to an open neighbourhood of ^. If 5"i, . . . , (Tm 
are the maximal cells of containing f, then 

/, := / o exp„ l(c/nCTi)\cxp;7^A) 

extends to an affine map ipi : U (1 Ci A^^^ M. Furthermore, because and fj agree 
on ([/ n cTj n (Tj) \ exp~^(A), by continuity, ipi and -^/^j agree on di fl aj. Thus the ipi^s glue 
to give a function ip : U ^ M.. It follows that / can be extended across A as o exp~-^ \u. 
The same argument works in the integral case. □ 

Proposition 1.42. If B has a polyhedral decomposition, then there are exact sequences 

^ M AMB, M) ^ ^,Affi 

and 

— ^ Z — > ^if(fi, Z) — > i,A — > 0. 

Proof. We have from Definition II . 1 1 1 an exact sequence 

^ M ^ ^^^(5o,M) ^ Ak 

on Bq, hence an exact sequence 

O^R^Aff^{B,R)^i,A^ 

by Proposition ll.411 so we just need to show surjectivity on the right. By Proposition ll.121 
and Proposition II . 29^ there is an open cover {Ur\T G ^} of B such that the exact sequence 
for Aff{Bo, M) splits on D Bq for each r G ^. But then on Ur, Aff{B, M) = M © i^A^, 
so we have surjectivity. □ 

Next we wish to define piecewise linear functions. One natural definition would be to 
define a piecewise linear function on B with respect to a polyhedral decomposition ^ 
as a continuous function on B which is affine on the interior of every maximal simplex. 
However, this only depends on the affine structure of the polytopes and ignores singular- 
ities, and this proposed definition can behave a bit perversely near singularities. Instead, 
we refine this by 

Definition 1.43. Let ^ be a polyhedral decomposition of i?. If f/ C i? is an open 
set, then a piecewise linear function on f/ is a continuous function </) : f/ — M which 
is affine on t/ fl lnt{a) for each a G <^max; and satisfies the following property: for 
any y E U, y E Int (cr) for some cr G there exists a neighbourhood V of y and a 
/ G T{V, Aff^{B, R)) such that ^p-f is zero on V"nlnt(a). We denote by VC.^;&{B, R) the 
sheaf on B of such functions. Similarly, we define the subsheaf of integral piecewise linear 
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functions VC,^{B,Z) C P/:^,k(5,M) so that G VC,^{B,M) if v?|int(<7) e ^if (Int(cr), Z) 
for each a G ^max? and / can be taken to be integral in a neighbourhood of each y. 

The restriction on the behaviour near the singularities of the affine structure makes the 
following definition possible. 

Definition 1.44. Let ^ be a toric polyhedral decomposition of B and be a piecewise 
linear function on B. For each a G we obtain by Definition 11.351 a fan Sq- in Qcr,R- 
Choose any point y G Int(o"), and a small open neighbourhood U of y. By Definition II. 431 
there exists an affine function f : U M. such that f\unint{a) = V'|(7nint((T)- Then (fi — f 
is the pullback hj : U Qa,R of a function on Qa,R which is piecewise linear with 
respect to the fan Eo-. We write this function as (fa, well-defined up to a linear function. 

Definition 1.45. If <^3^ is a polyhedral decomposition of B, then there is a commutative 
diagram of exact sequences 









z 



Ajf{B,Z) 



Z 



VC,^{B,Z) 



VC^{B, Z)/Z 



MVC^ 



MVCc 









defining a sheaf J^VC^. A similar diagram with M subscripts defines a sheaf M.VCc 



□ 



Definition 1.46. A multi- valued piecewise linear function on an open subset U C B with 
respect to <^3^ is an element ip G T{U, J^VC^^r); it is integral if it is in T{U,AiVC,^). 
Such a section should be thought of as a collection of piecewise linear functions on an 
open covering Ui of U which differ only by affine linear functions on overlaps. The first 
Chern class of G H^{B,J^VC,0s^m) is the image of ip under the boundary map 

ci : H\BMVC,^^r) ^ H\B,i,Kr) 

(or 

ci : H°{B,MVC,^) H\B,i,A) 

in the integral case). Using Definition 11.441 a multi- valued piecewise linear function on B 
determines a piecewise linear function (p^ : Q^^m. ^ with respect to S^-, well-defined up 
to a linear function. □ 
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Definition 1.47. A mult i- valued piecewise linear function (p on B with respect to 
is (strictly) convex if ip^- is a (strictly) convex piecewise linear function on the fan 
for all T G More precisely, if a is a maximal cone of and n„ G Q*^ satisfies 
{n^,y) = ipr{y) for all y G a, then {n„,y) < Priv) {{n„,y) < Priv)) for all y ^ a. Note 
this is independent of the choice of (fr- 

While we will not use it in this paper, the following concept is a natural generalisation 
of regular triangulations: 

Definition 1.48. A polyhedral decomposition ^ is regular if there is a strictly convex 
multi-valued piecewise linear function on B with respect to 

One of the key points of this paper is that strictly convex piecewise linear functions can 
play the same role as the afiine Kahler potentials discussed in §1: in other words, they 
allow us to dualize the afiine structure using a discrete Legendre transform which we will 
explain in the next section. 

Remark 1.49. Straightening the discriminant locus. When we construct an afiine manifold 
with singularities using Construction 11.2^ the discriminant locus has been chosen to be 
a union of simplices in the barycentric subdivision of <^^. The intersection and dual 
intersection complexes we construct in §4 are special cases of Construction II . 2B1 However, 
in real life, one might encounter afiine manifolds with singularities arising from other 
sources, such as elliptically fibred K3 surfaces (Example I1.17|) . Often these examples 
carry polyhedral decompositions, but there is no reason to expect the discriminant locus 
to be a union of barycentric simplices. It is convenient to note these afiine manifolds can 
then be deformed into examples of the sort constructed in Construction 11.261 

Thus if 5, ^ does not arise through Construction 11.261 it will often make sense to 
replace B and ^ with a closely related Bgtr and ^str as follows. Each maximal cell a 
of ^ determines a lattice polytope a C A^^y for any y G Int(cr) using Definition 11.381 
Furthermore, B is clearly obtained as a topological space via integral afiine identifications 
between various faces of the polytopes of 

^' = G ^^ax}. 

Also, we have a fan structure St, at each vertex of and by Construction 11.261 and 
Proposition II . 27| we obtain a new afiine manifold with singularities structure on B, which 
we call Bgtr, with discriminant locus A^^^ contained in A^^^, the union of all codimension 
two simplices of Bar(<5^) not containing vertices or intersecting interiors of maximal cells 
of Then as a manifold Bgtr = B, and ^str = but the structure of afiine manifolds 
with singularities is different because A^^^ 7^ A. In the following figure, we see the effects 
of straightening. The dotted lines show the first barycentric subdivision. 



MIRROR SYMMETRY VIA LOGARITHMIC DEGENERATION DATA I 



33 




All of our examples of affine manifolds with singularities will essentially arise through 
Construction 11.261 so this straightening will not be necessary in this paper. □ 

1.4. The discrete Legendre transform. We now introduce a key concept for relating 
an algebro-geometric form of mirror symmetry to the Strominger-Yau-Zaslow approach. 
Let B be an integral affine manifold with singularities with a toric polyhedral decompo- 
sition and assume the discriminant locus of B has been straightened, or equivalently, 
{B, ^) arises from Construction 11.261 Let (/? be a strictly convex multi- valued integral 
piecewise linear function on B. We will construct a new integral affine manifold with 
singularities B with discriminant locus A. As manifolds, B = B and A = A, but the 
affine structure is dual. In addition, we obtain a toric polyhedral decomposition and 
a strictly convex multi-valued integral piecewise linear function ip on B. We will say 
{B, J^,(f) is the discrete Legendre transform of {B, J3^,(f). 

First we define For any a G define a to be the union of all simplices in Bar(,^^) 
intersecting a but disjoint from any proper subcell of cr. Put 

^ = {a\a e ^}. 

This is the usual dual cell to a, with dimd" = n — dim a. The figure below shows what ^ 
looks like for the example of Remark 11.491 



Of course, a is usually not a polyhedron with respect to the affine structure on B, and 
we will build a new affine structure using Construction 11.261 

For any cr G we obtain a fan So- living in Qa,R and a piecewise linear function ifu on 
Eg- by Definition 11.441 defined up to choice of a linear function. This function is strictly 
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convex by assumption, and we can consider the corresponding Newton polytope, i.e. set 

a = {x e {^^ y) > -Va{y) e Q^,k}. 

Note that because ipo- is strictly convex there is a one-to-one inclusion reversing corre- 
spondence between the faces of a and cones in So-. Given e G Hom(cr, r) for some r G 
there is a corresponding cone Tg G So-, with corresponding cell fg C a given by 

fe = {x e a\{x, y) = -ifaiy) \/y G rj. 

In addition, a is an integral polytope because ipa- has integral slopes. 

We can glue these polyhedra together as follows. In the category Cat(<^), let e G 
Hom(cr, r), determining a face fg of a. In addition, because = So-(re), it is easy to see 
that f C Q* C Q* is just a translate of the face fg of a. This yields a contravariant 
functor F from Cat(i^) to the category of topological spaces with F{t) = f. For e G 
Hom(o", r), -F(e) : f ^ o" is the unique identification via translation of f with the face fg 
of a. We can then construct the limit of F, i.e. the quotient space of U^^^ cr by these 
identifications. We will write this quotient map as 

It is easy to see this quotient space is homeomorphic to B itself, with the image of a 
in B being a. This is just a combinatorial identification, but we can achieve this as a C° 
map by mapping a to o" C 5 in a piecewise linear way on the barycentric subdivisions. In 
particular, we have now constructed B by identifying via affine transformations the faces 
of the lattice polytopes b where a runs over minimal cells of . This is the first step 
in constructing an affine manifold via the method of Construction I1.2H1 Note that under 
this piecewise linear identification of B and S, we have 

Bar(^) = Bar(<^) 

and 

Cat(^) = Catf^)°P. 

We also take the discriminant locus A' as usual as the union of codimension two sim- 
plices not intersecting vertices of or interiors of maximal cells of Of course A C A'. 
The latter discriminant locus is only provisional, and we will shrink it in Proposition 11.501 
below. 

To finish specifying an integral affine structure on S \ A', we just need to specify a fan 
structure at each vertex a of (for o a maximal cell of 
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Let y be the barycenter of a maximal cell a, so o" = {y}. The cones of the desired fan 
So- should be in one-to-one correspondence with 

J J Hom((T, f) = JJ^ Hom(r, 0"), 

and the latter set is in one-to-one correspondence with cones in the normal fan So- (see 
Definition ll.38j) . So it is enough to give integral affine identifications as follows. Let 
e G Hom(r, a), so y is an endpoint of e and the other endpoint of e is the barycenter of 
T. Then by Definition 11.381 we obtain f C 5" C A^^y, well-defined up to translation, and 
thus we can assume G f, getting the corresponding cone of S^- being 

Ke = {/ £ ^R,y\f\f is constant and (/, z) > (/, x) for all 2; G a,x G f} 

= {f e(Rf)^\{f,z)>0 \/zea}. 

On the other hand, the choice of e selects a maximal cone de G S^ and hence a vertex ae 
of f, and f has tangent wedge at this vertex given by the dual cone to a^, namely 

{f eQ;^^\{f,z)>0 Wzea.CQ,^^}. 

We must compare these two cones as follows. We can deform e slightly to a path 7 
connecting y G lnt{a) to y' G Int(r) \ A; parallel transport along 7 identifies Ajr^ and 
Akj^' in such a way that Mr and {A<^^^)y/ are identified. Under this identification, (Rf)^ is 
identified with Q*^, and it is then clear the two cones defined above coincide. This gives 
the integral affine transformation identifying Kg with the corresponding tangent wedge of 
f. This is sufficient to define the fan structure of B at y, and thus we obtain an integral 
affine structure on 5 \ A'. 

Proposition 1.50. Let B he an integral affine manifold with singularities with a toric 
polyhedral decomposition 3^ , and a strictly convex multi-valued integral piecewise linear 
function (p on B. Let B be as constructed above. Then 

(1) Under the canonical identification B = B the linear part of the holonomy representa- 
tion : ni{B \ A') Aff(A^iK) is dual to the linear part of the holonomy representation 
: 7ri(5 \ A') AS {Mr) (where A' := A'). In other words, 

for all 7 G 7ri(i? \ A'). Thus in particular, by Proposition 1.21 , the affine structure on 
B\A' extends to Bq = B \ A, where A = A. In addition, 

^-Bo ~ A^" 

and 
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where the superscripts denote the affine structure with respect to which these local systems 
are defined. (These are isomorphisms of abstract sheaves, not as subsheaves of the tangent 
or cotangent bundles, as the identification Bq = Bq is not differentiable.) 

(2) 3^ is a toric polyhedral decomposition of B. 

(3) The radiance obstruction of Bq coincides with Ci{(f) G H^{B,i^,A^°) under a natural 
inclusion 

(4) For a G So- and Sg- coincide, and £5- and coincide. 

Proof. (1) A path 7 in 5 \ A' passes successively through open sets Int('i;i) to W^-^ to 
Int(t'2) to etc., where f 1, . . . , f„ are vertices of ^ and ai, . . . ,an are maximal cells 
of here W^i is the open neighbourhood of the vertex &{ given in Definition II .25^ and 
in fact W^. = Int((Tj) and Int(t)j) = W^.. Consider parallel transport from Int(i)i) to 
in the local system A^'' given by the affine structure on Bq. Now Vi is the barycenter 
of Int(?;j) and &{ = {vi}, with yi the barycenter of cTj. Then by construction, A^"^, is 
identified with Q*. r = Ak^^,. and A^^y. is identified with Au^y^. Furthermore, according 
to the description of the fan structure above, Ar and Ar y. are identified using parallel 
translation in Ar between Vi and yi. Thus parallel translation in from Vi to yi is 
the inverse transpose of parallel translation in Ar from Vi to yi. This makes it clear that 

P^{l) = *P^(7~^) fo^^ 7 ^ loop. 

In particular, the linear part of the holonomy about a codimension two simplex of 
A' is trivial if and only if the linear part of the holonomy of B is trivial around the 
simplex. In addition, by Proposition II .291 the local radiance obstruction near the simplex 
vanishes, so if the linear part of the holonomy is trivial, so is the holonomy itself. Hence 
by Proposition 11.271 we can take A = A. In addition, the identifications of local systems 
follows from the statement about and . 

(2) Since we constructed B and by means of Construction 11.2^ is a polyhedral 
decomposition. That it is toric follows from (1) and Proposition 11.321 Indeed, if y G 
Int(f) \ A, it is enough to show that for any simple loop based at y around a codimension 
two simplex u; of A intersecting Int('f), 

(P^(7)-/)(A£)C(A|y, = A^V 

But K.^y can be identified with Ar^^,, and A.^\ can be identified with Q*r. Also p^ij) = 
*p^(7~^). Now uj contains the barycenter of f, which is also the barycenter of r, so by 
Proposition ll.29| 

(p^(7"^)-/)((A.^,m).) = 0, 
from which it immediately follows that 

(p^(7)-/)(Ar,,)cq;^, 
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which is what is desired. 

(3) We will compare the radiance obstruction of the afiine structure on i? \ A' in 
H\B \ A', A^«) = H\B\ A', A^«) and ci{ip) e H\B \ A', A^°). Write A for A^«. This 
computation will be sufficient since if i' : B \ A' Bq and i : Bq ^ B are the inclusions, 
then it is easy to see that «1(A|b\a') = A on i?o, and then by the Leray spectral sequences 
for i and i' we get a series of inclusions 

H^{B, i,A^^) ^ H\Bo, A^n) ^H\B\ A', A^»). 

Thus if ci{ip) and the radiance obstruction coincide in H^{B \ A', A^°), then they in fact 
coincide in H'^{B,i^A^°). 

To calculate the radiance obstruction and Ci{(p) on B\A', we can use Cech cohomology 
with respect to the open covering of \ A' given by 

{lnt{v) = W^\v a vertex in ^} U {Int(o-) = Wi,\a e ^max}- 

We can choose the zero function as a representative for ip on each Int(cr), as ip is linear 
there. On each W^, we choose a representative <y9„ for v with ) = 0; we can then view 
(fv as a piecewise linear function on the fan S„ in Ak^„. As such, ip^ is given by an element 
He G Ak^„ for each e G Hom(?;, cr) corresponding to maximal cones of T,y. The 

Cech 1-cocycle representing ci (if) then takes the value Ue on the connected component of 
n Int(cr) corresponding to e G Hom(t;, a). 
On the other hand, to compute the radiance obstruction of S \ A', we can use the Cech 
realisation given in Remark II. !()[ There is a canonical coordinate chart ipa- : — > 
taking a to zero, the graph of which gives a section of Tyy.. On the other hand, the 
choice of function (f^ determines the polyhedron i) C Aj^"^, with vertices —Ue for e G 
Hom(?;, cr). This gives a chart ipi, : Int('u) — > A^°^ identifying Int('y) with Int (-u). 
Again the graph of this chart gives a section of the tangent bundle Tiy,. It is then clear, 
using parallel translation along e to identify A^"^ and A^°., that the difference of these 
two sections is rzg on the connected component of Wi, fl corresponding to e. Thus 
Ci{ip) and the radiance obstruction coincide. 

(4) follows easily from the definitions. □ 

Finally, we wish to define (p, the Legendre transform of (f. For each cr G choose 
5" C Ao-,R as in Definition ll.38| well-defined up to translation. Let (p^ be the function 
defined on the normal fan So- given by 

Paiy) = -mi{{y,x)\x G a} 

for ?/ G A*]j. This is a piecewise linear function on the fan Sg- = T,^, and it is a standard 
easy fact that it is strictly convex, (see [HZI, A. 3, with opposite sign conventions) with 
the Newton polytope of (pa- being a. If a is changed by a translation, ip^ is changed by a 
linear function, so it is well-defined modulo linear functions. 
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Now let S'o- : f/o- — > A*]jj be the affine submersion given by the fact that is toric, with 
t/g- sufficiently small. Then we can denote also by ^pij the composition ip^ o S^. It is then 
easy to see 

Proposition 1.51. 

(1) The {U^,(f^) determine an integral multi-valued piecewise linear function on B which 
is strictly convex. We call this Cp, and say the discrete Legendre transform of {B, (p) 
IS {B, ^,(p). 

(2) The discrete Legendre transform of {B, 0^ ^ Cp) is (5, <yc). 

Example 1.52. Let us relate this version of the discrete Legendre transform to the more 
traditional form for polyhedral decompositions of M^. We do this by taking B = M^/T 
for some integral lattice F C M. Then a polyhedral decomposition 0^ of B is induced 
by a periodic polyhedral decomposition of (which we will also call A multi- 

valued strictly convex piecewise linear function ip on B can then be viewed, by patching 
together choices of values for (p, as a single- valued strictly convex piecewise linear function 
(p : Mk — ^ M satisfying the periodicity condition 

(p{x + -f) = ip{x) + a{-f){x), 

for some map a : T Aff{MK,M^). We then define the dual polyhedral decomposition 
^ in as follows. For each a G .^^max, let n„ G A^r be the slope of ip\a. For each 
r G <^^, let f be the convex hull in of {rio-|T ^ cr maximal}. It is easy to see that 
^ = {f\T G J^} forms a polyhedral decomposition of N^. Furthermore, F embeds in 
by mapping 7 G F to the linear part of a{'y). It is easy to see that ^ is periodic 
with respect to F C and hence descends to a decomposition of 5 = N^/T. If ip has 
integral slopes, then F C A^, and ^ is an integral polyhedral decomposition. Finally, we 
can define the Legendre transform of ip by, for n ^ i) (1 a maximal cell of 

(p{n) = {n,v) - ip{v). 

This in turn defines a multi-valued function ip on B. It is easy to check that {B, ip) 
agrees with the discrete Legendre transform defined earlier of {B, 0^, ip) up to sign con- 
ventions. 

This discrete Legendre transform appears to be useful in applied mathematics: see for 
example jTUj. □ 

Example 1.53. The discrete Legendre transform is also a generalization of Batyrev 
duality 0. Let S C Mr be a reflexive polytope, with the unique interior lattice point. 
Then B = dS has an affine manifold with singularities structure as in Example 11.181 Let 
S be the fan in Mr obtained from S by taking S to consist of cones over proper faces of 
S. Then in fact any piecewise linear function ip onT, gives rise to a multi- valued piecewise 
linear function ipB on B as follows. 
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For any proper face r of H, or equivalently r G ^ let Wr be as in Definition II .25^ so 
that {WV} form an open cover of B. For each r, choose ra^ G A^m such that '^(m) = {n^-, m) 
for all m & T, and let ip^- : Wr ^ M be the restriction of — ra^ to Wr- It is then easy 
to see that ipB = {(}Vr,(Pr)\T ^ represents a multi-valued piecewise linear function 
on B, strictly convex if (p is. If (f is integral, then rir can be chosen in A^, and is also 
integral. Note that is not the same thing as the restriction of (f to dS. 

If ip is taken to represent the anti-canonical class of the toric variety defined by S, i.e. 
(f{v) = 1 for all vertices v of S, then (fB is strictly convex. As an exercise, check in this 
case that the discrete Legendre transform of {B, ^,ipb) is obtained as the boundary of 
the Batyrev dual S* C A^jg, defined by 

E* = {xe Nu\{x,y) > -1 for all y G H}, 

with affine structure as in Example 11.181 

1.5. Positivity and simplicity. We will now introduce several possible restrictions on 
integral affine manifolds with singularities and polyhedral decompositions. These restric- 
tions will be used in §§4 and 5, though we will give some motivation here for introducing 
them. 

Let B be an integral affine n-dimensional manifold with singularities and ^ a toric 
polyhedral decomposition. We will, once and for all, choose for each u; G ^ with dimu = 
1 an integral generator d^o of A^. In addition, for each p ^ 3^ with dimp = n — 1, we 
choose an integral generator dp of Q*. This is a rank 1 lattice contained naturally in A^ 
for any y G Int(p) \ A. 

These choices give us a canonical ordering of the vertices of lo or the maximal cells 
containing p. Indeed, for dimu; = 1, the morphisms e : v ^ lo are in one-to-one corre- 
spondence with the maximal cones of the dual fan E^^ living in the one-dimensional space 
A*]g. Then as d^ G A^^, there is a well-defined : ^ uj corresponding to the cone 
on which d^ is positive, and an ej : f ~ — corresponding to the cone on which rf^ is 
negative. 

The choice of dp distinguishes the morphisms from p to maximal cells: g'^ : p ^ 
and Qp : p ^ ap as follows. The fan Sp in Qp^R consists of two cones corresponding to 
the two different morphisms to maximal cells. We take g'^ to correspond to the cone on 
which dp is positive and g~ to that cone on which dp is negative. 

Now in general, if r G fi : Vi t, ei : t (Xi for 2 = 1,2, Vi vertices of ^ and 
Ci G <^^max, we obtain a loop Ijl^jl in Bq based at vi, by traversing in order the edges 
ei o fi : vi -* CTi, ei o /2 : f 2 ^ ai (backwards), 62 o f2 : V2 ^ (J2-, ^2 ° fi '■ Vi a2 
(backwards) of Bar(^): 
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This induces a monodromy transformation 



A,H A, 



via parallel transport around "Jflfl- It is often convenient to parallel transport to a point 
y e Int(r) \ A near vi, to get T^^^^^ : Ay ^ Ay. By Propositions IT^ and ^/'f is 
the identity, and {T^f^^^ - I){Ay) C A^. 

There are two special cases where this gives useful information. If r = G ~ 
dimension one, we have : u. So given : — (Xj, i = 1, 2, we get 



IS 



6162 



T 



ei62 



It follows that there exists an n'^'^'^ G A^ = Q* C A^ such that T^^*^^ : A^^ Ay is given 
by 

T^'^'im) =m+ {n'J'\m)d^. 
On the other hand, if r = p G =^3^ is dimension n — 1, /, : — p, we get 

/1/2 /1/2 

Then there exists an m'J r G A„ C A,, such that 

^/i/2("^) = + {dp,m)m'}^j^. 

Combining these two cases, if we are given a map e : a; 
dim p = n — 1, we can define 

rp ._ rpgpOe,g~oe _ rpP 

^ ' ^ 606,jj,e06,., 

and then we have 



p with dim a; = 1 and 



Tie. := n 



9p °e,9p oe 



m„ := m'^ 



Note rig is proportional to dp, and me is proportional to d^, and the constant of propor- 
tionality is the same. 

It is also not hard to see that all the monodromy data can be encoded in these numbers. 
In particular, the rie (or me) for all e : ^ p determine the minimal discriminant locus 
A, if i? is obtained from Construction 11.2^1 Indeed, for > 2 if r is an — 2 dimensional 
simplex in Bar(<^3^) contained in A' and containing the edge e : u ^ p, then a loop about 
r in Bq is homotopic (up to orientation) to 7^'' _. Thus if rig 7^ 0, all ra — 2 dimensional 
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simplices of A' containing e must be included in A; if rig = 0, they are not included in A 
(see Proposition 1 1 . 27|) . Of course, the same is true for mg. For n = 2 analogous statements 
hold but now u; = r = p is an edge. 

Definition 1.54. Let B be an integral affine manifold with singularities and a toric 
polyhedral decomposition We say {B, ^) is positive if for aAle : u ^ p with dimo; = 1, 
dimp = n — 1, me is a non-negative multiple of d^o, or equivalently rig is a non-negative 
multiple of dp. 

This may seem mysterious at first, though the importance of positivity will become 
clearer in §4. Note that it is independent of the choices of d^ or dp-, indeed, changing the 
sign of one or the other also changes the orientation of the loop. 

This condition can be explained very roughly in dimension two as follows. Given 
a 2-torus fibration f : X ^ B from an oriented four-manifold to a two-dimensional 
base, with degenerate fibres which are pinched tori, there are actually two sorts of such 
degenerate fibres, distinguished by the sign of the intersection number of the two sheets 
of the singular fibre at the pinch point. Of course, if / : X — > 5 is an elliptic fibration 
(or special Lagrangian fibration), only the positive case occurs. This places a restriction 
on the monodromy of the fibration, and it is precisely this restriction that the notion of 
positivity captures. 

Proposition 1.55. If (p is a strictly convex multi-valued piecewise linear function on 
(5, J^), {B, If) the discrete Legendre transform of (5, J^, (f), then {B, ^) is positive 
if and only if {B, ^) is positive. 

Proof. Under the identification of Proposition 11.501 (1), of with A^", we can identify, 
for y e Int(cj) \ A, A^" with (Q^)* C AJ^", and thus we can equate a choice of d^ with a 
choice of dcj. Similarly, we can identify (Qp)* with A?° for y G Int(p) \ A. Thus we can 
equate a choice of dp with a choice of dp. 

Now suppose we are given e : u p, and hence e : p — > cD. We are then given 
'■ '^t ^ ^ : p a^. It is easy to check that g^ : ^ p coincides 

with : — s> p, preserving the sign, and similarly, : uo v"^ coincides with 
g^ : iu ^ a^. Thus in B, the monodromy transformation Tg is given by transport along 
the loop 7 which goes from to the barycenter of cr^ to v~ to the barycenter of a~ to 
v^, while in B, the monodromy transformation Tg is given by transport along 7 which 
goes from d"^ (the barycenter of cr^) to the barycenter of (i.e. v^) to a~ to the 
barycenter of v~ and then to a^. But this is precisely the opposite direction of 7. It then 
follows from Proposition 11.501 (1), that Tg = Tg. Thus if Tg(m) = m + {ne,m)di^ then 
Te(n) = n + {n, dj)ne. Thus mg = ng, and one is a positive multiple of dp if and only if 
the other is. □ 
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Remark 1.56. Positivity can also be interpreted as follows. For a given u & with 
dimct; = 1, the data n^'^^, Ci : uj ^ ai E <^max determine a piecewise linear function '^lJ^^ on 
the fan S^, well-defined up to a linear function, as follows. For any e : — > r G <^^, there 
is a cone in T,^ corresponding to e, which we write as K^. Now fix some e : u; — a G <^max, 
and take ilJuj\Ke = 0- On any other maximal cone Kg/ G S^, take "^Acjl/f^/ = —n'^'- We just 
need to check this is continuous. If two maximal cones K^^ , K^,^ of S^^ intersect in a cone 
i^/ of S^, giving a diagram 




then we need to check n'rf'^ 



and thus 



n 



662 



on i^j. But it is easy to see that 



16162 



oT 



661 



T, 



662 



n, 



6162 



662 



n, 



661 



But n^i'^^ g ^-L Proposition [Oni so is zero on Kf. This gives continuity. 

Note that changing the initial choice of e just changes by a linear function. 

The condition of positivity is now easily seen to be equivalent to tp^^ being convex for 
all u (though not necessarily strictly convex). 

Similarly the data '^/j/j determine a piecewise linear function ipp on the normal fan Ep; 
again, positivity is seen to be equivalent to ipp convex for all p. □ 

Example 1.57. One can check that the construction of Example 11.181 only produces 
positive {B, To do this, given S C Mk, u; C p faces of dimension one and of 

codimension one respectively, and a choice of d^j and dp, we obtain the endpoints and 
v~ of u and the maximal faces cr^ and a" containing p. There exists n^,n~ E N such that 
{n^,a'^) = {n~,a~) = 1, by reflexivity of S. On the other hand, can be identified 
with Af/f and with e : uo ^ p the unique morphism, 

re(m) = m + (m,n+ - - v^), 



as can be computed as in 
since H is convex, n+ — n_ 
Hence B is positive. 



Theorem 8.2, or 



Lemma 2.4. See also 



\2. But 



is positive on . Also, 



is a positive multiple of d^. 



We will define a certain class of (5, ^) which we will call simple. At this point in time, 
this definition is a bit difficult to motivate. However, it should be viewed as analogous to 
the notion of simplicity defined in and used extensively in and ^7] . Given a torus 



MIRROR SYMMETRY VIA LOGARITHMIC DEGENERATION DATA I 



43 



fibration f : X B, with discriminant locus A, Bq = B \ A, Xq = /~^(i?o), /o = f\xo 
and i : Bq "-^ B the inclusion, we said / was G-simple for a group G if i^^RPfo^^G = RF f^G 
for all p. This essentially says that the cohomology of any singular fibre is isomorphic to 
the monodromy invariant part of the cohomology of a nearby non-singular fibre. It was 
only with this assumption that the Strominger-Yau-Zaslow conjecture implies the usual 
connection between h^'^ and /i^'^ of mirror pairs of Calabi-Yau threefolds. If the fibrations 
are not simple, the connection between these numbers is more tenuous, and in particular 
we may not expect a clear isomorphism between complexified Kahler moduli and complex 
moduli of the mirror. 

One would like some analogue of simplicity for affine manifolds with singularities. We 
cannot use the definition directly, because we don't have torus fibrations. Instead we will 
use a definition which places restrictions on the monodromy of the local system A on 
standard open sets Wr H -Bq- In dimensions two and three, this will essentially coincide 
with the restrictions on monodromy implied by the old definition of simplicity. However, 
our new notion of simplicity also depends on 0^: the polyhedral decomposition determines 
the "scale" of detail we see in the discriminant locus. The definition of simplicity only 
depends on the monodromy transformations Te for various e. For example, if dim B = 2 
and there are several points in A on a single edge, simplicity places a restriction on the 
monodromy of a loop enclosing all these points, and not on loops around each point on 
the edge. So even in the two-dimensional case, simplicity in the old sense only implies 
simplicity in the new sense if ^ is sufficiently fine. Again, it is useful to assume the 
discriminant locus has already been straightened to avoid this problem. In any event, 
with these caveats, our definition clearly gives the right thing in dimensions two and 
three, and we shall see more clearly the naturality of this definition in §5, as well as in 
[m and mi- 

Before giving our definition of simplicity, we define some auxiliary polytopes associated 
with [B, ^) which encode key data about the monodromy. 

Definition 1.58. For a given u & ^ with dimu = 1, fix e : cr G ^max, and let 

A(u;) be the convex hull in A^j^ C A^^y (for y G Int(ci;) \ A near v^) of the set 

Similarly, for a given p, S.x f : v ^ p and let A(p) be the convex hull in Ap^K C A]^^y (for 
y G Int(p) \ A near v) of {m^^, |/' : v' p}. 

These polytopes are well-defined up to translation, independent of the choice of a or i;. 

If r G with 1 < dimr < n — 1, we can also define auxiliary polytopes related to r. 
Given e : u ^ r with dimcj = 1, choose some f : r ^ a E <?^max, and set Ae(r) to be the 
convex hull of 

{n£°^'/'°1/':r^a'G^J 
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in A^^^ = C Affi^y, for y G Int(r) \ A near v^. Thus Ae(r) is just a face of A{lj). 

Similarly, given e : t ^ p, dim p = n — 1, choose some f : v ^ t and set Ae(r) to be 
the convex hull of {^eof,eof'\f' • ^ Again, Ae(r) is a face of A(p). □ 

Remark 1.59. 1) These polytopes are only of interest in the positive case, in which case 
A{uj) and A(p) can be viewed as the Newton polytopes determined by ip^^ and ipp (Remark 
ll.56|) respectively. In this case, ip^^ can be recovered, (up to a linear function) as 

ipujiy) = -mi{{y,x)\x G A{uj)} 

and similarly 

ipp{x) = - inf {{y,x)\y G A(p)}. 

Furthermore, by construction of t/;;^ , if : u; cTj G ^max, « = 1, 2 define cones K^- G S^, 
and -i/^^ plus any linear function is given by —pe^ on K^., then n'^'^^ = ~ Pei- Thus 
all the n^^'^^s can be recovered from knowing A(ti;) in the positive case, and similarly the 
m^^g^'s can be recovered from A(p) for Cj : Vi p. 

The same comments hold for the Ae(r) and Ae(r): given e : uj ^ t with dimcj = 1, the 
nJj-°^'f^°'^ can be recovered from Ae(r) for fi : t ^ ai & ^max] similarly given f : t ^ p 
with codimp = 1, the 'm'foei foe2 ^^"^ recovered from Ae(r) for Ci : Vi ^ r. 

2) From these remarks it also follows readily that E^^ is a refinement of the normal fan 
of A(u;). The normal vector dp of a co dimension-one cell p containing tD is parallel to an 
edge of A{uj) iff rig 7^ for e : ^ p the corresponding morphism. This is the case iff the 
corresponding edge {n = 2 : vertex) of the barycentric decomposition is contained in A. 

Similarly, Sp is a refinement of the normal fan of A(p). Hence A(p) is a polytope with 
faces parallel to faces of p C Ap^M itself. Again, an edge u) C p occurs in this list iff the 
corresponding edge of the barycentric subdivision is part of A. 

Note that if all rig (or, equivalently, all mg) are primitive it follows that all these 
polytopes are determined uniquely just by and the combinatorics of the discriminant 
locus relative to ^P. □ 

Definition 1.60. Let B be an integral affine manifold with singularities and 1^ a toric 
polyhedral decomposition of B. Suppose (S, ^) is positive. Then we say (5, 0^) is 
simple if for every t ^ 3^ with 1 < dimr < n — 1, the following condition holds: 
Let 

^i(r) = {e : ijj ^ t\ dimu; = 1} 

and 

'^n-i(r) = {/ : r ^ p| dimp = n-\). 
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Then there exist disjoint subsets 
and 

Ri,...,RpC <^„_i(r) 

for some p > such that 

(1) For e G <^i(t) and / G <^^„_i(r), njoe = unless e E Qi, f E Ri for some i. 

(2) For each 1 < i < p, Ae(r) is independent (up to translation) of e G fij, and we denote 
Ae(r) by for e G fi^; similarly, A/(r) is independent (up to translation) of / G -Ri, and 
we denote A/(r) by Aj. 

(3) Let ei, . . . , Cp be the standard basis of Z^, and let A(r) be the convex hull of 

p 

IjAi X {ei} 

i=l 

in {Q* ©Z^) ®K. Then A(r) is an elementary simplex of some dimension (i.e. a simplex 
whose only integral points are its vertices). Similarly, if A(r) is the convex hull of 

p 

[jAi X {ei} 

i=l 

in (At- © Z^) (g) M, then A(r) is an elementary simplex. 

These last two conditions are vacuous if p = 0. □ 

In case r is one-dimensional the polytope A(r) agrees with the polytope defined in 
Definition and similarly in the one- co dimensional case with A(r). Thus the notation 
is consistent with previous usage. 

Remark 1.61. We give a number of elementary observations related to this definition, 
which will hopefully build some feeling for a rather complex situation. We always suppose 
that [B, ^) is positive and simple. 

(1) For any r E ^ with < dimr < dimi?, ei : t ^ ai E ^max, f '■ ^ ^ t with 
dimcu = 1, / G fii, then 77,^i°/'^2o/ jg independent of / G Vti. Indeed, by Remark II. 59^ 
j^eio/,e2o/ determined by Aj(r) = A^, independently of / G Vti. Similarly for e : r p 
with codimp = 1, e G Ri, fi Vi r, rn'^ofi eo/2 independent of e in 

(2) If / : ^ r is not in [j^^i then 77,^°/'^'°/ = 0. In fact, by (1) in the definition, 
Ug = for all g : uj ^ p factoring through / for dim p = n — 1. In general there 
exists a sequence gi, . . . ,gm, Qi '■ ^ ^ Pi factoring through /, dimp^ = — 1, such that 
r^eou'of ^ y±i „ . . . „ yii^ hence = in,, ± ■ • ■ ± n,^ = 0. 
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(3) By taking p to be as small as possible, we can assume that Ugof 7^ 0, rrigof 7^ for 
any g G Ri, f G fij. Indeed, by (1), if Ugof = for some / G fij, in fact Ugof = for 
all / G fij. But if Ugof = 0, we also have rrigof = 0, so rUgof = for all g E Ri. Thus 
Ugof = frigof = for all g G Ri, f G fli. So we could just as well leave off Ri and and 
condition (1) of Definition II .6UI still holds. 

Note also we can always assume dimAj > and dimAj > 0, for if one of these is a 
point, then Ugof = for all G -Rj, / G fij. 

(4) Let S C Mffi be an elementary simplex, and Ai,...,Ap C S disjoint faces. Let 
T^^ ^ Mr be the tangent space to Aj. It is easy to see that T^^ + ■ ■ ■ + T^^ forms 
an internal direct sum in Mr (check this for a standard simplex!) Thus, in the case of 
Definition ll.60l if ^ Q*^^ is the tangent space to Aj, then since Aix{ei}, . . . , ApX{ep} 
are disjoint faces of A(r), T^^ + ■ ■ ■ + T^^ is an internal direct sum in Q*^. The dual 
statement holds for the Aj. 

(5) If p is taken to be as small as possible as in (2), then p < min(dimr, codimr). 
Indeed, dim Q*^ = codimr, and by the assumption p is as small as possible, dimAj > 1 
for all i by (2). Thus by (3), p < codimr. Dually, p < dimr. □ 

Example 1.62. Let us consider what simplicity means for dimi? < 3. It is vacuous if 
dimS = 1. For dimi? = 2, let r G with dimr = 1. Then 



-^lir) = i^„_i(r) = {id:T^ r}. 

If riid = 0, i.e. if Int(r) fl A = 0, then we take p = 0, and conditions (l)-(3) are vacuous. 

If riid 7^ 0, then Uid = n ■ for some n G Z, n > by positivity, and we take 
Qi = Ri = {id}, and A(r) and A(r) are both line segments of length n. (The monodromy 

(1 n\ 
^ 1 in an appropriate basis). Then the condition that A(r) x {ci} and 

A(r) X {d} are elementary simplices is just stating that n = 1. Thus, if the discriminant 
locus of B is straightened, simplicity is equivalent to monodromy about each point in A 

^0 1^ 

In dimension 3, consider first dimr = 1, so ^i{t) = {id}. Then either rig = for all 
e G ^2{t), in which case we take p = 0, and then r fl A = 0, or else we have to take 
Qi = ^i{t), i?i = {e G <^2(T)|?^e 7^ 0}. In the latter case, condition (1) is satisfied, and 
(2) and (3) together imply Ae(r) is a line segment of length 1 for each e G -Ri, while A(r) 
is a standard simplex of dimension 1 or 2. If dim A(r) = 1, it is then easy to see that near 
r, A is just a line segment. By the definition of polyhedral decomposition, A must be 
contained in a union of 2-cells of However, each 2-cell containing a one- dimensional 
part of this piece of the discriminant locus must lie in the unique (local) affine plane 
containing A which is invariant under holonomy, and this plane contains r, as depicted 



being 
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below. If dim A(r) = 2, A is just a trivalent graph, as depicted. 
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Bivalent Trivalent 

Furthermore, in a suitable basis with dr = (1, 0, 0), the monodromy about A in the first 
case is 

A 1 o\ 

10, 
\0 l) 

whereas in the second case, the monodromy about the three legs is 



/l 


1 o\ 




/l 





l\ 




/l -1 


-l\ 





1 







1 





, and 


1 







l) 









V 




^0 


1/ 



respectively. 

For dimr = 2, the picture is very similar, with two pictures occuring depending on the 
dimension of A(r), namely 




and the monodromy is the transpose of the ones appearing in the dimr = 1 case. This 
agrees with the behaviour of semi-stable, simple torus fibrations discussed in ^7]. How- 
ever, in that paper, another type of behaviour occured. It was possible to have a semi- 
stable, simple torus fibration with a quadrivalent vertex, over which occured a fibre of 
type (1, 1). Notice that we do not have quadrivalent vertices in our situation; it appears 
that the straightening process would remove such a vertex, replacing it by two trivalent 
vertices. 

The role of the partition really only becomes important in dimension 4 and higher. 
Rather than give a complete description in the four-dimensional case, we just give an 
example of the behaviour we expect. We may have, for example, t E ^ with dimr = 2, 
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r a parallelogram, say with vertices (0, 0), (1, 0), (a, b), and (a + 1, b), where gcd(a, b) = 1, 
6 7^ 0. On the other hand, we may have S,- the two-dimensional fan with 1-dimensional 
cones generated by (6, —a), (— fe, a), (0,1) and (0,-1), where again gcd(a, 6) = 1 and 
6 7^ 0. Then it is possible to arrange monodromy so that the definition of simplicity is 
satisfied, using the following choice of Qi,Ri. We take Qi to be the two parallel edges 
of r joining (0,0) with (1,0), and (a, 6) with (a + 1,6), while Q2 consists of the two 
other edges of r. Meanwhile, Ri consists of the two 3-cells corresponding to the rays of 
T,r generated by (0, ±1), while R2 consists of the two 3-cells corresponding to the rays 
generated by ±(6, —a). Furthermore, we may then have Ai being the line segment with 
endpoints (0,0) and (1,0); A2 the line segment with endpoints (0,0) and (a, 6); while Ai 
is the line segment with endpoints (0, 0) and (1, 0); A2 is the line segment with endpoints 
(0,0) and {a,b). If this is the case, then the definition of simplicity is in fact satisfied. 
Furthermore, in this case, near r the discriminant locus consists of two two-dimensional 
manifolds intersecting at a point. This is in fact the sort of behaviour we would expect for 
the discriminant locus of an abelian surface fibration over a complex surface, so it is quite 
possible this sort of picture would appear in the study of degenerations of hyperkahler 
manifolds. 

Note in this case the monodromy about the two branches of the discriminant locus 
takes the form, in an appropriate basis. 



/I 





1 


o\ 




/I 





da 


ba\ 





1 








and 





1 


db 


bb 












1 













1 





^0 








V 












1/ 



□ 

Example 1.63. The {B, constructed in Example 11.231 (2) are not in general simple. 
To get simple (-B, !^) from refiexive polytopes, one must use a more sophisticated con- 
struction. This construction has in fact been given by Haase and Zharkov in [221 • In the 
notation of that paper, simplicity is implied by a sufficiently generic choice of the vectors 
A and which will correspond to choosing ample polarizations on maximally projective 
crepant resolutions of the toric varieties Ph and P=*. This is shown in ^Hj, where the 
more general case of complete intersections in toric varieties is considered. So one could 
think of simplicity clS cl sort of ampleness condition. 

2. From polyhedral decompositions to algebraic spaces 

In this section, given an integral affine manifold with singularities B with toric poly- 
hedral decomposition we will construct algebraic spaces obtained by gluing toric 
varieties. 
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We fix an integral affine manifold with singularities B, and a toric polyhedral decom- 
position ^ once and for all in this section. There are two constructions we can make, 
depending on whether we view B as an intersection complex or a dual intersection com- 
plex of the central fibre of a degeneration. We shall first consider the case where we view 
B as an intersection complex, in which case the maximal cells of correspond to irre- 
ducible components of a scheme, with a polarisation. This is conceptually simpler than 
the dual picture, as we shall see, but should be viewed as somewhat less important for 
our point of view. We refer to this construction as the cone picture, and will refer to the 
dual construction, in which vertices of correspond to irreducible components, as the 
fan picture. 

Whenever P is a monoid, A a ring, we denote by A[P] the monoid algebra over A 
defined by 

A[P] = A ■ 

with 

2.1. The cone picture. 

Definition 2.1. If a G J^, let a C A^t^r be as in Definition ll.H8| well-defined up to 
translation. Set 

C{a) = {{rp,r)\r eR>o,p e a} C A,^^®R 

be the cone over a. Let Pa be the monoid C{a) fl (Ao- © Z). The monoid Pa is well- 
defined up to unique isomorphism: if a is translated, there is a well-defined isomorphism 
identifying the two choices of P^. The projection P^ 1^ defines a Z-grading on the 
monoid ring := Z[Pa-]- Define 

Xa ■■= Proj Ra. 

This also defines a line bundle Ox^{l) on X^- D 
Note that R^ and X^ are well-defined up to isomorphism. 

We can define a contravariant functor F from Cat(<^) to the category of graded rings 
as follows. We take F{t) = Rr- If r C a, then e G Hom(r, a) determines a face f of 

^ Ao-^K, so that the edge of the barycentric subdivision of a joining the barycenters of 
a and f maps to e. This face f can be identified, by translation, with f C At-^r. This 
then gives a well-defined inclusion of Pr in Pa- We then define F{e) to be the graded ring 
homomorphism Z[Po-] "^[Pr] defined by 

fO m ^ P^ 
z"^ me Pr. 
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Example 2.2. Let = ]RV^^ with M = Z^, and take as decomposition ^ oi B the 
decomposition with only one maximal cell, coming from the unit square in M^. The set 
consists of one square a, two edges ri, T2, and one point v. We see 

R„ = Z[x, y, z, w]/ {xy - zw) 

and = X P\ while Rr^ = Z[u,v], Rr, = Z[s,t] and R^ = Z[q]. The two different 
maps Ra — > -Rri are given by 

x\-^u,zi-^v,y\-^0,w\-^0 

and 

X i-^ 0, z 0,y i-^ v,w ^ u 
respectively, and the two different maps R^ — > Rt2 are given by 

x\—i'S,w\—i't,y\-^0,z\-^0 

and 

respectively. 

The inverse limit of F exists in the category of graded rings. (See [HSj, 111.3 and 111.4 
for the notions of inverse and direct limits of functors.) Calling this limit the graded ring 
R =: limF, we get a scheme Xq{B, J^) = Proj R, along with a line bundle If 
^ is finite, then i? is a finitely generated Z-algebra and Proj i? is a projective scheme with 
^Xo{B,^)i^) ample. The normalization of Xo{B,^) consists of Uo-e.^^'max However, 
we would also like a twisted version of this construction, so that we get an entire family 
of gluings. We will do this over a ring A. 

Definition 2.3. Let A be a ring. Then gluing data (for the cone picture) for over 
A are data s = (se)eGll,,„g,gi. Hom(r,<7), where if e : r ^ a then Se G Hom(/V, Gm(-4)), 
satisfying the conditions 

(1) Sid{p) = 1 for all p G Pa, id : a a the identity. 

(2) If ei : 0"! ^ (T2 and 62 : CT2 — ^ o's, 63 = 62 o ei, then ■ Sealp^ = Ses in 
Hom(P<,,,G™(A)). 

Given such gluing data, we can then define a contravariant functor F^^s from Cat (^) 
to the category of graded A-algebras via 

and if e : 0" — > r then 

FArs{e){z^®l)=F{e){zP)®K{p). 

□ 
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Definition 2.4. Given gluing data s, we let 

Xo(5,^,s) =Proj (imiFA,.-). 

If ^ is finite, this is a projective scheme over Spec A, with ample line bundle C'xqCb, ^, «)(-'-)• 

□ 

Example 2.5. Continuing with Example 12.21 we can take A = k a.n algebraically closed 
field. Using arbitrary gluing data, we get four maps 

Ra®k — > Rv®k 

given by 

x^Kq, y,z,w^O 
y I— > Xyq, X, z,w 
z I— > A^g, x,y,w 
w I— i> A^g, x,y, z 

The two maps 

-Rri ® k — > Ry0k 

are given by 

u Xiq, V 
u (-^ 0, f (-^ \2q 

and the two maps 

Rt2 ® k — > Ry®k 

are given by 

s ^ /iig, 1 1— i> 

S (-^ 0, t (-^ /i2g- 

The cocycle condition of Definition 12 .31 then dictates that the maps Ra®k ^ R^-^ ® k are 

X (-^ A^.Aj^-'^n, z (-^ A^A^"*^!; , y t-^ 0, t-^ 

and 

X I— s> 0, 2 1-^ 0, ?/ AyAg ^t;, w (— s> A„,A]^^M 
respectively, and the two different maps R„ ® k ^ R^-^ ® k are given by 

X I— > XxjJii^S, w I— s> \wlJ^2^t, ?/ I— i> 0, 2 (-^ 

and 
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respectively. Then, scheme, Xq[B, s) can be thought of as x with {0} x P^ 
and {00} X P^ glued using {u,v) 1-^ {X^X'^u, XyX~^v), and P^ x {0} and P^ x {00} 
glued using (s,t) t— > {X'^X^s, Xy^Xy^t), or equivalently, if A = X~^X~^XzXw, we glue using 
[u, v) I— > [Xu, v) and (s, t) ^ {X~^s, t). Thus the gluing is not arbitrary, and as far as the 
underlying scheme is concerned, we only have a one-parameter family of gluings. For a 
more general gluing the ample line bundle of bidegree (1, 1) would not descend. As we 
will see in Example 12.361 manv gluings do not even give a scheme but an algebraic space. 
Also, different choices of gluing may give the same underlying scheme, but a different 
choice of line bundle. 

Example 2.6. If B is obtained from a reflexive polytope S C Mr as in Example 11.181 and 
^ is the polyhedral decomposition whose elements are proper faces of H, then we can 
describe Xq{B , , 1) (where 1 denotes the trivial gluing data) as follows. The polytope 
S defines a projective toric variety (P=, (^^^(l)), where S is the Newton polytope of 
(9p_,(l). The interior point G S corresponds to a section sq G r(PH, (9pg(l)) which 
vanishes precisely once on each toric divisor of P^. The zero locus Sq = coincides with 
Xo{B, 1), with polarization induced by (9pg(l). Different choices of gluing data will 
give possibly non-isomorphic schemes. 

In fact in general this may give too many choices of gluings. An arbitrary gluing 
will give a scheme which cannot appear as the central fibre of a toric degeneration (see 
Definition 14. 1|) . even locally. The only gluings we are interested in are those for which 
there is a special sort of open covering, which we shall describe in detail in the fan picture. 
In theory, one should develop the cone and fan pictures on completely equal footing, but 
this would greatly increase the size of this paper. Furthermore, the two pictures are 
related by a discrete Legendre transform, so for us it is not really worth the effort to 
develop both pictures in equal generality. So we move on to the fan picture. 

2.2. The fan picture. For any rational polyhedral fan S, we will write X{I1) for the 
toric variety over SpecZ defined by S. 

Definition 2.7. If a G H^, let X^. := X{T,^), where Eg. is the fan in Qa,R defined in 
Definition 11.351 

Note that if S is a fan in Mr, and r G S with S(r) the quotient fan (Definition 1 1. 3 7j) . 
then there is a canonical closed embedding X(S(r)) This can be defined as 

follows: given a E T,, a determines an open subset X{a) C X(S) given by X{a) = 
SpecZ[(T^ n A^], where 

a'^ = {n E N^\{n, m) > Vm G a} 

as usual. If a ^ r, then 

X((a + Mr)/Mr) = Spec Z[(((t + Mr)/Mr)^ n AT] . 
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Here (a + Mr)/Rr is a cone in Mr/Mt, and we identify the dual of this space with 
(Mr)-'- C N^. The inclusion 

X((a + Mr)/Mr) ^ X{a) 
is determined by the ring map given by 

(z"" if m G cr^ n (Mr)^ = (((7 + Mr) /Mr)^; 
I otherwise. 

These inclusions patch on open sets and give a well-defined inclusion X(S(r)) in ^(S). 
We can then define a contravariant functor F : Cat(<^) — > Sch /Z as follows. We set 

F(r) := X,. 

For e G Hom(r, o"), we obtain as before Definition 11.371 a surjection pe : Qt,r — ^ Qo-.m 
which identifies So- with Ilr{Ke), where Kg is the cone of E,- corresponding to e. This 
gives a well-defined inclusion map 

F{e) : Xr. 

Example 2.8. Let B = M^/(Z(1,2) + Z(2, 1)), with polyhedral decomposition coming 
from the quotient of the following periodic decomposition of M^: 




There are two vertices, Vi and V2, indicated by the two types of vertices in the figure. It 
is clear that X^-^ and X^^ are both isomorphic to . There are three edges ri , T2 and 
T3 with Xt-- = P^. The maps X^-. X^. identify X^ with one of the various coordinate 
lines of X^., as dictated by the combinatorics of the picture. There is one maximal cell a, 
= pt, and three different maps X^ — > Xy-^ and three different maps X„ X^^, each 
identifying X„ with one of the three zero- dimensional strata of X^^. 

We now proceed to twisting and gluing. Let S be any scheme. We denote by Grn{S) 
the group of invertible regular functions on S. 

Recalling the open covering >^ from Definition II. 25| we denote by H'p{W, ■) the Cech 
cohomology groups with respect to the open covering W. We write 

Lemma 2.9. Wr^...rp 7^ ^/ and only if Ti (1 ■ ■ ■ (1 Tp after reordering. Also, if t C. a, 
then for each e G Hom(r, cr) , Wra contains a unique connected component intersecting 
e, which we write as Wg. This gives a one-to-one correspondence between components 
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of Wra (ind Hom(r, cr). More generally, the connected components ofWr^...rp are in one- 
to-one correspondence with p — 1 dimensional simplices of Bar(<^) with vertices at the 
hary centers of Ti, . . . ,Tp. 

Proof. The first statement follows immediately from the fact that Wn - Tp is the union of 
the interiors of all simplices of Bar(<^^) containing the barycenters of Ti, . . . , r^. To prove 
the second statement, let We be the union of the interiors of all simplices of Bar(<^^) 
containing e. It is easy to see each We is connected, and an open subset of B. Furthermore, 
any two simphces of Bar(^) have disjoint interior, so Wra = lJeeHom(r o-) Thus 
{We\e G Hom(r, cr)} is the set of connected components of Wra- The general case is 
similar. □ 

Definition 2.10. Let 5* be a scheme. We call a Cech 1-cocycle s = (se)eellHom(T,o-) for the 
sheaf ® Gm(S') on B with respect to the open covering W closed gluing data (for the 
fan picture) for 3^ over S. Here Se G r(iye, ® Gm{S)) = Qo- ® Gm(S') for e : r — o". 

We sometimes write Sra instead of Se when e : r a is clear from the context. 
Since Eg. is a fan living in Qo-,R) Qa ® Gm{S) acts on x S, and hence Se gives an 
automorphism 

Se : Xa X S ^ Xa X S. 

Thus we have 

Definition 2.11. For closed gluing data s for we define a functor 

Fs,s : Cat(<^) ^ Sch/g 

by 

Fs,s{r) ■.= XrXS 

and for e G Hom(r, cr), 

Fs,s{e) ■■= {F{e) x id) o Se : X^ x S ^ X^ x S. 

□ 

Let X be an algebraic space, A a closed subspace and A ^ A a. finite morphism. 
Then the fibred coproduct X U.^ A in the category of algebraic spaces is an algebraic 
space. This is a corollary of Artin's theory of the existence of formal modifications, see 
Theorem 6.1. In particular, the identification of two algebraic spaces along a closed 
subspace is again an algebraic space. Applying this fact inductively it is possible to 
construct the direct limit 

Xo{B,^,s) = \imFs,s 

as an algebraic space locally of finite type over S. In other words, for every t E ^ 
there is a morphism q^- : X^ x S ^ Xo{B, s) and for every e G Hom(r, cr) we have 
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= o Fs,s{e); moreover, Xo{B, s) is a universal object in the category of algebraic 
spaces with this property. The constructed space is of finite type over S whenever is 
finite. 

Instead of providing full details for the use of Artin's result, we are going to construct 
Xq{B, s) directly as a quotient of a scheme by an etale equivalence relation. In other 
words, instead of constructing Xo{B, s) by gluing proper toric varieties together along 
closed substrata, we glue together a collection of open sets to obtain Xo{B, s). How- 
ever, this cannot be done for all choices of s (see Remark I2.33j) . and in fact those choices 
of s for which this cannot be done are irrelevant for our theory. The existence of an open 
covering of Xq{B, s) by some standard open sets is crucial. Thus we will only discuss 
the open gluings, and this topic occupies the rest of this section. 

First let us explain what these standard open sets are. 

Definition 2.12. Let cr g ^ma^x be a maximal cell, y G Int(cr) and a C A^^j^ as in 
Definition 12. 11 We denote by C(cr)^ the dual cone to C(cr) in A^^y © M, and set 



In addition, the projection A^ © Z — Z defines an element Po- £ -Po- ^ A^, © Z, hence a 
monomial regular function z'''^ on U{a). Define V{a) to be the zero scheme of this regular 
function. Note that by construction z'^'^ vanishes precisely once on each toric divisor of 
U{a), so V{a) is the reduced union of all toric divisors in U{a). By the uniqueness property 
of a as in Definition 12.11 U{a) and V{a) are unique up to unique toric isomorphism. □ 

V{a) can be described in terms of a monoid ring also: 

Definition 2.13. Let a be a (not necessarily strictly convex) cone in N^, for a lattice, 
and let P be the monoid a (1 N. We write 



= C(a)"n(Ay©Z), 



so that the affine toric variety defined by the fan of faces of C{a) is 



U{a) := SpecZ[P^]. 



dP := {danN) U {oo}. 



with addition 





oo 



otherwise. 



We define the monoid ring Z[(9P] by using the convention that z' 



.oo 



0. 



□ 



It is easy to see that in the notation of Definition 12.121 V{(j) = SpecZ[9Po-]. 
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The collection {V{(j) x S\(t e ^max} will serve as our etale cover of Xq{B, s). The 
next task is to write down the etale equivalence relation on Y[a£3^ ^i'^) ^ ^- This will 
be a closed subspace 

in C ( n V{ai) X 5) X5 ( H V{a2) x = V{ai) x ^(^2) x ^. 

Remark 2.14. The guiding principle for the construction of this equivalence relation comes 
from the relation of the V{a) with the proper schemes X^^ from before. A vertex f G 5" 
gives the n-dimensional face [v, 1)-*- fl C(cr)^ of C(cr)^. The integral points of this face 
form a monoid Pcr,v, and Spec Z[Po-^t,] is one of the irreducible components of V{a). An 
alternative way to see this component is as follows: for y G lnt{a), identify Ay with A„ 
by parallel transport in a and project 

{v, 1)^ n Ciay C (Am,„ © M)* = Am,, © M 

onto the first factor. This identifies {v, 1)-*- fl C((t)^ with the dual of the tangent wedge to 
a at V. Thus the irreducible component Spec Z[Po-,i.] is naturally identified with the affine 
open set of the toric variety = corresponding to the cone of S„ determined by 

V E a. 

The problem in writing this down is that the gluing of open subsets for maximal cells 
(7i, (J2 intersecting in more than one point does not generally come from gluing of open 
sets in the ambient spaces U{ai), U{a2)- Rather each vertex in the intersection prescribes 
one gluing of an open subset of U{ai)] the restrictive form of the monodromy assures 
compatibility of the gluing only after restriction to the divisor V{ai) C U{ai). □ 

Construction 2.15. Let us first discuss the case of only two maximal cells ai, o"2 without 
self-intersections and intersecting in one cell t = ai Ci a2- Also let us assume the gluing 
parameter s to be trivial for the time being. Choose vertices Vi G and embeddings 
(Jj = (Tj C AiR^t,.. We are going to use the notations 

Mi = A„,^, Ni = M*, Pi:= P.,=C{(r,y n{Ni®Z), := p,, = (0, 1) G A^i © Z. 

For each vertex w E t, there are linear identifications 

^^:M2^Mi, ^l:N,-^N2 

given by parallel transport from V2 through w to Vi. We will distinguish r as a face of ai 
or a face of a2 by using the notation Ti G a^. 

We wish to identify open subsets V{ri) C V{ai) and a natural isomorphism between 
V{ti) and V{t2). 

To begin, it is worth understanding V{ai) a bit better. The monoid dPi has an inter- 
pretation in terms of fans. Let Sj be the normal fan to a^, living in Aj © M. Then by 
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projecting A^j © Z — * Ni, we can in fact identify dPi with the monoid Ni U {00} with 
addition 

{p + q if g are in a common cone of Sj 
00 otherwise. 

Note that for any face u C (jj, there is a corresponding face u of C(crj)^ dual to C(co'), i.e. 

uj = {ne C{aiy\{n, (m, 1)) = for all m G uj}. 

We will also denote by u the projection of Co to Ni] this is the cone of Ej denoted K^^ in 
Definition 11.381 In particular, SpecZ[a; fl Ni] is then a closed subscheme of V{ai), a toric 
stratum corresponding to u. 

In future cI; may refer both to the face of C(crj)^ C A/^j © Z and to its projection to A''^. 
It will always be clear from the context which alternative applies. 

Now define 

UiTi) = SpecZ[Qi] 

with 

:= c{T,y n {Ni © z) = Pi + {Rfi n (a^^ © z)) . 

As an abstract toric variety U{Ti) is isomorphic to 

SpecZ[Hom(C(ri) n {Mi © Z),N)] x 



■< codim Ti . 



in particular, the isomorphism class as an abstract toric variety depends only on r. It is 
easy to see that Z[dQi] = Z[Qi]/{z''^). Thus in analogy with the definition for maximal 
cones we now define 

V{Ti) = SpecZ[dQi]. 

The inclusion Pi C Qi induces the inclusion U{Ti) C U{(Ti), and this restricts to an 
inclusion V{Ti) C V{(Ti). 

It is worth underlining a very important point here. We were able to define V{a) for a 
maximal in a completely canonical way. On the other hand, for r non-maximal, we have 
not defined V{t) but only V{Ti) as a subset of the canonically defined V{ai). The point 
is that V{t) is not well-defined up to a unique isomorphism because of holonomy in a 
neighbourhood of Int(r), i.e. there is no canonical affine structure on ai U (T2. It is only 
when this holonomy is trivial and the affine structure of B is defined in a neighbourhood 
of Int{r) that V{t) becomes well-defined. It is this indeterminacy of V{t) when there 
is holonomy which causes the gluing between V{ti) and V{t2) below to be non-trivial. 
Believing in the independent existence of V{t) is an easy trap to fall into, one we have 
made countless times. In particular, there is no canonical isomorphism between U{ti) C 
U{ai) and U{t2) C U{a2), and we cannot glue these schemes, even though V{ti) and 
V{r2) will glue. 
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The monoid dQi also has an interpretation in terms of fans as before. By projecting 
dC{TiY to Ni, we obtain an identification dQi = NiU {00} with addition 



p + q 



p + q a p,q are in a common cone of fj ^Sj 
00 otherwise. 



Here 'rj~^Sj is the locahsation of the fan Sj at fj as defined in Definition 11.371 

Here is the key point of the construction. We want to identify the sets V{ti) and V{t2) 
in order to glue together V{ai) and V{a2). This is done by specifying an isomorphism of 
monoids 

(P-.dQi^ dQ2. 

Via the embedding dQi \ {00} C Ni such a morphism is equivalent to a piecewise linear 
map (f) : Ni N2 linear on cones of f]"^Si, mapping f]~^Si to f2~^S2- To define on the 
maximal cone in dQi corresponding to a vertex w & t use the linear map '^ip^] : Ni ^ N2 
defined by parallel transport through w as above. Parallel transport identifies the cTj with 
maximal cells in the induced polyhedral decomposition of i?^ C Aik „,, whose intersection 
maps to r. Since f~^Sj depends only on Tj C Mj this provides the desired identification 
of fans. 

We need to check that our definition of (p is well-defined on intersections of cones. Let 
wi,W2 be vertices of r and Wi C A'^i the corresponding maximal cones of ff^Si. Then 
Co := wi n W2 is dual to a subface a; C r containing wi,W2. For n E wi H W2 and m G Mi 
we compute 

where is parallel transport along the loop passing from Vi to W2 inside ai, then to Wi 
inside (J2 and finally back to Vi. By Proposition ll.29[ T^{m) is congruent to m modulo 
the tangent space u)-^ of u. Hence (n, T^{m)) = {n, m) for all m e Mi and 

Thus cj) is well-defined. This gives our gluing isomorphism 

: V{t2) — V{n). 

□ 

Example 2.16. We illustrate the definition of using Example II. 16| (2). Let cri and (J2 
denote the left and right triangles in Example 11.161 (2) respectively, in either the left or 
right-hand pictures, and let r = ai fl (T2. Then using the left-hand picture, Ci^aiY is the 
cone in © M generated by 

(-1,0,0), (0,1,0), (1,-1,1) 
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and C{(T2)'' is the cone generated by 

(1,0,0),(0,1,0),(-1,-1,1). 
In both instances fj is the cone generated by the first vector. Then Si and S2 are 
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obtained by forgetting the last coordinate. Indeed, this is just the normal fan of cxj. 
Finally, localizing at f gives dQi and dQ2 determined by the picture 



The upper half plane corresponds to the vertex (0, 0) and the lower half-plane corre- 
sponds to the vertex (0,1). Now given that we have been using the left-hand chart in 
Example 11.161 (2), the map '?/'(o,o) • ^2 Mi should be viewed as the identity, while 

ip(o,i) '■ M2 — > Ml is given by the matrix ^ 

(72 in the left-hand chart to a2 in the right-hand chart. Thus if we denote by x the element 
(1, 0) G dQi, y the element (0, 1), z the element (0, —1), then 



This is the transformation which takes 



: dQi ^ 9Q2 



takes X 



X, y 





-II \0I \-l 

The map induces the gluing map 

$^,,^2 : Spec Z[x, y, z]/ (yz) Spec Z[x, a;"\ y, z]/{yz). 



□ 



Example 2.17. Next we do a three-dimensional example. Here again we use two different 
cuts, and the shaded area shows where we make cuts. 
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(0,1,1) 




(0,0,0) 



This time we just draw the fan Si(fi) (the fan fj ^Sj is the puUback of this to Mi) hving 
in Mi/(1,0,0)Z: 

z 
k 



w 



X 



with the first through fourth quadrants corresponding to the vertices (0,0,0), (0,1,0), 
(0, 1, 1) and (0, 0, 1) of r respectively. Then we can write 

'^[dQi] = Z[u, X, y, z, w]/{yw, xz), 

where x, y, z, w are primitive generators of the rays as labelled in the diagram and u 
corresponds to (1, 0, 0) G Mj. We take the maps '?/'(o,o,o) and 'i/'(o,o,i) to be the identity, and 
then ^^{0,1,0) = "^(0,1,1) is given by the matrix 

/l o\ 
110. 

\o 1) 

The gluing map : Z[dQi] — Zi[dQ2] is 

u ^ u,x ^ x^y ^ y, z ^ z,w ^ u~'^w. 



□ 
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Let US next discuss twisted gluings. Let S be an arbitrary scheme, and we wish to glue 
the V{ai) X S along V{Ti) x S using a twisting of ^aia2 ^ ids- Twistings are given as 
follows. Let 

Si : dQi \ {00} GmiS) 

be a map satisfying 

Slip + q) = Si{p) ■ Si{q) if p + g 7^ 00. 

We can view this as a piecewise multiplicative function on Ni. Then Sj defines a map 
Si : V{Ti) X S ^ yi'^i) X S induced by 

zP ^ s,{p)zP. 

We can then glue V{ti) x S and V{t2) x S via s^^ o ($(jj<j2 x ids) ° S2. 

So far the discussion was essentially local, focusing on only two maximal cells inter- 
secting in one common face. In general the part ^Haicra of the equivalence relation in 
V{(J2) X V{ai) may have more than one component. For any a G ^max, and a vertex 
f G 0", we have C Ajg^^, <^^„ and exp^ as usual, and a G mapping to cr via exp„. 
Denoting this map vr : a — ^ cr, it is an integral affine isomorphism in the interior of a and 
is finite-to-one on the boundary. This map is unique up to integral affine isomorphisms 
between different choices of a. 

Now given (Ti,ct2 G ^max, let di Mi ® M, Mj = Ao-., vTj : ^ be as above. 
Consider the fibred product ai x^ 5"2. Each connected component of this space will give 
one component of 9^0-10-2 ■ 

Lemma 2.18. Let ai,a2 G =^^max- Then the connected components of di y<B^2 o^re graphs 
of integral affine isomorphisms fi — f2 over B for faces fi C 5-j. In particular, the fi 
cover the same r C air\a2- Exactly those isomorphisms occur that do not extend to larger 
subsets of cTi. 

Proof. We have disjoint decompositions di = Yifca Iiit(f). By the definition of polyhedral 
decompositions vri|int(-f) is a homeomorphism onto its image. For any pair fi,f2 covering 
the same r C crincr2 the composition (vr2|int{f2))"^°^i|int(-fi) is affine. Hence it extends to an 
affine linear map A from Mfi C Mi(g)M to Mf2 C M2®IR. This shows already that (71X^(^2 
has a decomposition into polyhedral subsets that are graphs of affine transformations 
A : fi — > 'f2 commuting with VTj. 

To see how the strata fit together choose a vertex wi G fi and put W2 = ^^{wi). Let 
Rw ^ Ak^^, I^yj, exp^ be a chart for (S, ^) ai w = 7ri(wi) = 7r2(u;2). By the definition 
of polyhedral decomposition there exist unique affine embeddings 
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respecting the polyhedral decompositions and mapping Wi to the origin. This induces 
integral affine maps Mj (8) M — > Ajg^ for i = 1,2, and the composition 



Ml 



Mo ® M 



restricts to A on fi. This shows that d'iXBd^2 has a decomposition as a union of polyhedra 
with each maximal cell the graph of an integral affine transformation A : fi ^ f2 that 
commutes with vTj and does not extend to a map between larger faces of di. Moreover, 
we see that locally di x ^ 5"2 is isomorphic to the intersection of two (possibly equal) 
cells of the polyhedral decomposition of Rw Hence the maximal cells in the polyhedral 
decomposition of ai x ^ 0^2 are disjoint. Therefore we have the claimed decomposition of 
o'l y<B (^2 into pairwise disjoint polyhedra. □ 

Remark 2.19. The reader shy of algebraic spaces may read the remainder of this section 
with the restriction on ^ that the maps n : f ^ r C B are injective for all r G It 
is then the case that the algebraic space constructed below only involves gluings of affine 
schemes along Zariski open subsets rather than etale open subsets, and hence produces a 
scheme. □ 

Let fi f2 be an integral affine transformation whose graph is a connected component 
of (Tl x^ 5"2, as established by the lemma. Except for the trivial case fi = 5"i = a2 = f2 
there is a unique edge of the barycentric subdivision of di joining the barycenter of fj 
with the barycenter of aj. This edge determines fj uniquely. It also corresponds uniquely 
to an edge of the barycentric subdivision of (Tj. We may thus index the components of 
5"i X B 5"2 by (ei, 62) with G Hom(r, Uj) and r C o"i fl (T2. The mentioned trivial case is 
covered by (id, id). Not all pairs occur, but only those that are maximal for the partial 
order defined by 



(61,62) < (/l,/2) 



3h E Hom(r, u) 



fi o h. 



Example 2.20. Consider B = M^/Z^ with the affine structure induced from M^, and the 
polyhedral decomposition with one maximal cell a covered by 5" = [0, 1] x [0, 1] C M^. 
The following figure shows the fibred product of a with itself over B. 



V2 



Vl 



V2 



Vl 



UJi 




LUl 










Tl T2 




Tl T2 






U 




UJ2 




UJ2 











u 



V3 



V3 



V4 



{a, a) (ri,T2) (T2,ri) 



(W2, Wl) 



{V2,V4) ivi,V3) 



u 



{V3,vi) {vi,V2) 



There are 4 ■ 4 = 16 vertices in a x^ a; a pair of vertices (wj, Vj) is isolated in a x ^ 5" 
iff Vi and vj do not belong to a proper face of a. This is the case iff i — j = 2 modulo 4. 
Similarly, the pairs (Tj,rj) and {uJi,uJi) are not maximal: the identity isomorphisms id^ 
and id^^. extend to the identity on a. □ 
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Definition 2.21. We have thus indexed the connected components of (Ti x ^ 5"2 by a 
subset of pairs (61,62) G Hom(r, cxi) x Hom(r, (J2) for r C ai fl 02- By Lemma [2.181 it 
makes sense to call pairs corresponding to connected components maximal. 

We will need the following: 

Definition 2.22. Let e : r ^ o. Then e determines a cone Kf, in S^, and hence 
determines an open subset Ve C X,- with Ve = SpecZ[JQ fl Q*]. The embedding Vg C Xr 
is canonical. 

For any maximal pair (61,62) let fj C ai be the face given by 6^ : r — > (Tj. For any 
common choice of vertex / : — > r of fj the compositions 6j o / define a path joining the 
interior of (T2 to the interior of cri passing through w. Parallel transport along this path 
defines an affine map ip^ '■ ^0-2 ^o-i) ^ote this depends on (61,62) and not just ai, 02 
and w. As in the case covered in Construction 12 . l51 without self- intersections this induces 
an isomorphism between the irreducible component V^^of C Viji) and K20/ C V^(t2). 
The monodromy argument as in Construction 12.151 shows that these isomorphisms are 
compatible on intersections. We obtain an isomorphism 

: Vir^) V(ri), 

of the open subschemes Viji) C V[ai)^ defined above, which is toric on each irreducible 
component. 

Construction 2.23. We next want to twist the isomorphisms $eie2 over an arbitrary 
scheme S. We need to describe automorphisms of the Vir^ x S slightly more abstractly. 
Let r G <^ be any cell, and let f C A^-^k be as in Definition II. H8| with tt : f — r the map 
to B. 

Consider the sheaf 7r*(Q,^ ® Gm(5')). This can be viewed as follows. If we choose 
any cr 6 ^max with 6 : r — cr a morphism, then we can identify f with a face of 
5^ C Ao-,K = Ak 2 for any z G Int((T). Under this identification, at a point y G Int(a)), for 
u) C f a face, the stalk of 7r*(Q,^ ® Gm(S')) at y is 

(A,/A^) ® G™(5) = Hom(A;^, G„(5)). 

Thus an element s G r(f,7r*(Q<^ Gm(S'))) can be viewed as given by a collection (s„), 
w ranging over the vertices of f, with G Hom(A2, Gm(5')), such that for any face a) C f 
containing vertices w and ty. 

Now consider the fan in A*]^; by parallel transport to 2 G Int(o"), we can consider A*]jj 
as a quotient of Ajr^^, and we can pull back the fan S,- to Ar ^ to get a fan of (not strictly) 
convex cones. We call this fan f^^So- as in Construction 12.131 it of course depends on 
6. The maximal cones of this fan are in one-to-one correspondence with vertices v of 
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f. Then s defines a map s : — > Grn{S) by defining s to be s^, on the cone of f~^Eo- 
corresponding to f G f. This is a piecewise multiplicative function, and it is clear the 
set of piecewise multiplicative functions with respect to the fan 'f~^So- coincides with 
r(f,7r*(Q,^ ® Gm{S))). We then have V{t) C V{a) as usual, and s then induces an 
automorphism of V{t) x S, which we also denote by s. 

Note that the group r(f,7r*(Q^ (g) 0^(5'))) does not depend on e : r — a, so we 
only need to understand the dependence of the action on V{t) x S described above. 
Let ej : r — s> (Tj, 2 = 1, 2 with (Tj G .^^max- Then as usual, we obtain V{ti) C V{ai), 
V{t2) ^ V{cr2) and a map 

(even if the pair (61,62) is not maximal). Using the notation of Construction 12. 131 the 
map $6162 is induced by a map of monoids 

obtained on each cone corresponding to a vertex of r, by parallel translation through 
that vertex. Now s G r(f , 7r*(Q,<j2 ® Grn{S))) defines both si : dQi — > Gm{S) and 
S2 '■ dQ2 — > GmiS); as this has been done by parallel transport into the interiors of o"i 
and cr2, it is easy to see that 

Slip) = S2(0(p)), 

and hence we have 

si o ($,^,2 X ids) = ("^"6162 X ids) ° S2. 

Thus, even though we have not defined V{t) abstractly, the action of r(f,7r*(Q,^ 
GmiS))) on V{t) is well-defined with respect to the gluing maps $6162 x idg. 

Definition 2.24. For r G ^, we will write PM(r) for the group r(f, 7r*(Q^ ® GmiS))) 
described above. Here, PM stands for piecewise multiplicative. 

We can now define open gluing data. 

Definition 2.25. Open gluing data for ^ over S are data s = (s6)eGllHom(T,cr) with 

Se G PM(r) 

for 6 : r ^ a. They must satisfy 

(1) Sid = 1 for id : a ^ a the identity. 

(2) For 61 : (Ji ^ a2, 62 : o"2 — > and 63 = 62 o ci, yielding o"! C 0-2 C 0-3, we have 
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Let Qu^ ® G,„(5)) denote the set of all open gluing data for ^ over S. This forms 

a group under multiplication. 

We define trivial open gluing data to be open gluing data s = (sg) such that there exists 
t = (^o-)o-e.^ with to- G PM{a) = T{a, 7i*{Qgg (g) GmiS))) such that for any e : t ^ a, 

s =rh I 

Here restriction denotes the restriction of t„ to the face f of 5" corresponding to e. 
We call the set of trivial open gluing data B^{^, Q^y> ® Qm^S)), and write 

Given open gluing data s = (sg), we can associate to it closed gluing data s = (sg) as 
follows. By the construction of Q^, we have {Qi?>)y = Qr — ^{Wr, Q.9>) for y G Int(r), 
r G Thus for any e : r ^ cr there is a map given by the composition of natural maps 

r(f,7r*(Q,^®(G„,(5))) ^ {Q,^)y®Gm{S)^T{W^,Qr^®G^{S))^T{W,,Q,^®Gm{S)) 

where the last map is restriction. We set Sg to be the image of Se under this map. This 
gives a Cech 1-cocycle, because of the 1-cocycle condition on open gluing data. □ 

For a discussion of the difference between open and closed gluing data see Remark ESSl 
The notation as a cohomology group is motivated by the fact that the definition fits into 
the framework of barycentric complexes developed in the appendix, however for the dual 
cell complex. 

Given open gluing data s, we can define, for each maximal pair (ei, 62), 

$e,e2(s) := S~l O ($g^g2 X ids) ° Se,. 

Define 9^eie2 C V{a2) x V{ai) x S as the graph of $£162 (■5) relative 5". 

Example 2.26. The simplest example is the case B = M/Z, and ^ consists of one 
maximal cell a and one vertex v. Identifying a with the interval [0,1], a x ^ a has 
three connected components: the diagonal and the points (0,1) and (1,0). In this case 
V{cr) = Spec Z[x, y]/ (xy), and if there is no twisting, the three corresponding components 
of IK in V{a) x V{a) = Spec Z[x, y, x', y']/ {xy, x'y') are the diagonal, the subvariety given 
by the equation x'y = 1, and the subvariety given by the equation xy' = 1. The quotient 
of V{a) by this etale equivalence relation is a nodal elliptic curve. One can also take 
B = R/nZ with n > 1 and subdivide B into n intervals of length one. In this case 
one obtains n copies of SpecZ[x,y]/ (xy), and after quotienting one obtains a cycle of n 
rational curves, i.e. a Kodaira type /„ fibre. 

Lemma 2.27. The 9^eie2 <^i"^ pairwise disjoint; their union 

^= u ^^1^2 

(61,62) 
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defines an etale, quasi- compact equivalence relation on W_^^;j?^_^_^^^ ^(^) ^ S. Furthermore, 
^ IS closed m Ua^.^^e^^^ ^(^i) x ^(^2) x S. 

Proof. By construction lHeie2 is the graph of an isomorphism between open subsets of 
V{ai) X S and V{a2) x S", and thus the projections of 9^eie2 to V{ai) x S are local isomor- 
phisms, hence etale. Closedness of lHeie2 ^ V{a2) x V{ai) x S* follows from maximality of 
the pair (61,62), so that the isomorphism cannot be extended. Quasicompactness holds 
by local finiteness of 

To check that the lKeie2 are pairwise disjoint it suffices to show this after pull-back to 
the irreducible components 

(^(^2) n x^,) X {v{a^) n x^,) X 5, 

where the Wi G 5"j run over the set of vertices. (The notation V{ai) flX^. is a slight abuse 
of notation: by this we mean the irreducible component of V{ai) corresponding to the 
vertex Wi.) But by the local description of ai x ^ a2 a pair of vertices (^1,^2) belongs 
to at most one maximal cell, indexed by (61,62). This translates into the statement that 
only 9^eie2 intersects the irreducible component in question non-trivially. 

By construction is symmetric and contains the diagonal. It remains to show tran- 
sitivity. Let 0"i,(T2,cr3 G ^max with VTj : (Tj — > a-i as before. It suffices to verify the 
transitivity relation on each irreducible component of V{ai) separately. Let Wi G ai be 
a vertex and 9^e2ei a component of 9^ that is non-trivial on V{ai) fl X^,^. Let Rw B 
be a chart at = tii{wi) and 5"j for i = 1,2 the affine embeddings providing the 

local identification $e2ei(s) whose graph is ^He2ei- Let W2 G ^2 be the vertex mapping to 
G Rw In verifying transitivity we may now restrict to a component 9^/3/3 of that is 
non-trivial on V{a2) fl Xy^,^. For these there is another affine embedding as — > R^ that 
together with the already given embedding of a"2 provides the local isomorphism $/3/2(s) 
with graph 9^/3/3. Let G be the vertex mapping to G Rw Define r to be the image 
of ai n 5"3 C Rw in B, and let gi G Hom(r, (jj), i = 1,3 be the edges of the barycentric 
decomposition belonging to the faces 5"i fl 5"3 C a^. The pair ((73, gi) parametrizes a unique 
component ^Iggg^ of 91, which is the graph of ^g^g^{s). 




It is clear from toric geometry that the composition of ^/g/aU^^ with $6261 equals 
^9391 on the common domain of definition. As for the twisting by s, we observe that 



MIRROR SYMMETRY VIA LOGARITHMIC DEGENERATION DATA I 67 

the cocycle condition implies that when restricted to Wi, 

where u = diCi a2 and with indices referring to the barycentric subdivision of i?^. In the 
definition of $e2ei(s) on the term SqJ therefore cancels: 

Similar formulae hold for $/3/2 and ^gg^i- Hence 

This establishes transitivity. □ 

Definition 2.28. If s are open gluing data for ^ over 5", we set 

Xo(5,^,s):=( H V{a)xSy^. 



max 



By Lemma 12.271 this is an algebraic space locally of finite type over 5*. □ 
It remains to show that this space is a direct limit for the functor Fs^s- We denote by 

p: H Via)xS-^XoiB,^,s) 

G^S^ max 

the quotient morphism, and "p^ : V{a) x S ^ Xq{B, s) the restriction of p to V{a) x S. 

Lemma 2.29. Let s be open gluing data for over S, and s the associated closed gluing 
data. There exists a system of maps Qr : x S ^ Xq{B, s) that is compatible with 
the functor Fs^si that is, for every Ti,T2 G ^ and e G Hom(ri, T2) we have 

Proof. We first define for w G a vertex. The set of maximal cones of the fan 
defining is in one-to-one correspondence with JJ^^^^^^ Hom({u;}, a), so has 
an open covering indexed by this set. The affine open set Ve C X^ corresponding to 
e G HomdiLi}, a) is what we denoted by V{a) fl X^, in the proof of Lemma 12.271 for the 
unique lift w G (x distinguished by e. This gives a closed embedding 

ie-.V,-^ Via) 

identifying Ve with the irreducible component of V{a) corresponding to w. On Ve define 
Qw as composition 

q^:VeXS ""-^^ Via) xS ^ Via) xS^ Xo(5, ^, s). 

(Technically, only acts on the image of Le x ids, but it can be extended in any way we 
like to Via) x S for convenience of notation in this proof.) To check well-definedness let 
(7i,(T2 G ^raax and Cj G Hom({tf;} , (Tj) . Let di C be the embeddings of the coverings 
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of CTj into the chart at w corresponding to as in the definition of Let = 5"i fl 5"2, 

viewed as subcell of di, t E ^ the image of fi, fi : r ^ di, g : w ^ r the induced 
morphisms, with fiO g = Ci. By the definition of 

P\v{f2)y.s = P|y(n)x5 o ^hfiis)- 

On the other hand, l^^ identifies Ve-^ H with an irreducible component of V{fi) C V(crj), 
and these two embeddings are related by ^/i/j: 

On n it follows 

(Pk(n)xs) o o (i,^ X ids) = (Pk(n)x5) o o (^^^/-^ X ids) o (^ea X id^) 

= (P|v(n)x5) o S-^S/i o '^'/i/2(s) ° ° (^62 X ids) 

= (Pk(n)x5) o o <l>/,/,(s) o o (ig^ X ids) 

= {P\vifi)xs) o "^'/i/als) o S~hj^ o (ig^ X ids) 

= (P|v(n)x5) o '^'/i/2(s) o o (^62 X ids) 

= {p\v{f2)xs) ° Se,^ o (ig^ X ids). 

This shows well-definedness. 

For non- minimal t E ^ choose a vertex w E r and (7 G Hom({tf;}, r). Then put 

qr = qwO Fs,s{g)- 

Since Fs,s is a functor, compatibility of these definitions follows once we convince ourselves 
of independence of the choices of w and g. Let Wi E t he vertices and gi G B.om{{wi} , r). 
Write for defined with (jfj. Let a G ^max and / G Hom(r, cr). Putting Ci = f o g^ we 
obtain the following commutative diagram. 

r ^ a 

W2 

Each Cj gives an identification of an open Vg^ C X^^ with an irreducible component of 
V{a). Then F (gi)"^ (Ve^) is the open set in Xr given by the maximal cone Kf G 
corresponding to / : r ^ a, hence does not depend on i. This open set is Vf. Since 
the Vf with / G Uo-g^ Hom(r, a) cover X,-, it is enough to show that the agree on 
Vf X S. 
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Let i^e,, Kg^ G Su;- be the cones corresponding to and gi. Recall from Definition 12.111 
that Fs^sigi) = {.F{.gi) X ids) ° Sg. where F{gi)\vf is induced by the description of cones 

Kf = {K,^+m.Kg^)/^Kg^ 

On the other hand, g^- involved the closed embedding : — ^(o") defined by identi- 
fying K^, with a maximal face of C{(tY . Therefore, the composition 

— ' ^e, — ^ V[a) 

is independent of i. Together with the cocycle condition we see that also 

s-^ o (tg^ X ids) o {F{gi) X ids) o % = o ((i,^ o F{gi)) x ids) 

does not depend on i. The composition with p : \^(cr) x S Xo{B , , s) equals ql\vf, 
which is hence independent of i too. □ 

Proposition 2.30. Qr : Ur "^o- x S — > Xo{B, s) is a direct limit for the functor 
Fs,,. 

Proof. We have to verify the universal property. Let ipr • x S ^ Z he a. system 
of morphisms to an algebraic space that is compatible with Fs^s- First we observe that 
y(cr) X S, a E ^max, is a similar direct limit, but over the spaces Vf x S with / G 
]J^Hom(r,cr) and morphisms Lg := F{g)\v^.^ : Vf^ Vf^ for fi : Ti ^ a, g : n ^ Ta, 
/i = f2 ° 9- Each Vf is canonically an open subset of X,-. Consider the system of 
morphisms Xf = i'r ° Sf\vfxs '■ Vf x S ^ Z , f E Hom(r, cr). This is compatible with 
the system {Vf x S, Lg). In fact, for fi,g as above, 

Fs,s{9)\vf^xs = {F{g) X ids)\vf^xs °Sg = Sf, o {tg x ids) ° sj^- 

Thus 

Xf2 = V'ra o Sf,\vj.^y,s = o ^5,s(^) ° ^/Jy^^xS = Xfi ° ih ^ ^^s)- 

Hence we obtain a morphism 

x(fT) : V{a) xS-^Z. 

To descend to Xq{B,^,s) it remains to show that the xi'^) commute with the local 
isomorphisms $£^£2(5) whose graphs define 91 locally. As in the proof of transitivity of 
we may restrict to one irreducible component at a time. If : r — o"j this amounts 
to choosing a vertex w G r and homomorphisms fi : {w} ai with fi = CiO g for some 
g : {w} ^ T. A chart at w reduces to the case 0"j C M ®z ffi, w = and r = cti fl era- 
This situation gave open embeddings V{t) C V{ai), and restricted to the irreducible 
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component Vg C V{t) labelled by w = G r they defined $eie2- We obtain the following 
diagram. 

open 

VgX S Vf, X S 




The arrows labelled "open" are open embeddings canonically defined by toric geometry, 
while the labels Sf. denote similar open embeddings but twisted by the action of Sf. on 
Xyj. In the case without self-intersections, V{t) = V{ai) fl V{a2), Vg = V{t) fl X^, and 
V/. = V{a) nXuj. In general Vg and Vf^ are open subschemes of Xy^. Therefore the upper 
and lower triangles commute trivially. The two triangles with common side ipy^ commute 
by the definition of x/,, and the triangle on the left commutes by the definition of ^eie2{^)- 
Therefore the whole diagram commutes, and following the two paths from Vg x S to Z 
via X^ X S shows the desired compatibihty of Xf with our equivalence relation. □ 

Proposition 2.31. Xq{B, s) is a separated algebraic space. If B is compact and S is 
a separated scheme, then Xq{B, s) is a proper algebraic space over S. 

Proof. An algebraic space is separated if the equivalence relation defining it is a closed 
embedding (120], Def. II. 1.6) and this is the case by Lemma [2.271 Thus in addition if S is 
separated, so is the morphism / : Xq{B, s) ^ S ([SDl, Prop. II. 3. 10). If B is compact, 
Xq{B, s) is clearly of finite type over S' as must be a finite set, so that Xq{B, s) 
has an etale cover of finite type over S. Finally, to show / is proper, note that 

q: l[X,xS-^XoiB,^,s) 

given by : X^, x S ^ Xq{B, s) on X^, x S* is a surjective map, and x S ^ S* 

is a proper map. Then / is also proper (see [221, 5.4.3 (ii) in the scheme case, but the 
same proof works for algebraic spaces). □ 



Next, we consider when two sets of open gluing data give isomorphic spaces. Suppose 
s, s' are open gluing data for (5, over S. We are interested in understanding when 
there are isomorphisms 

ip:Xo{B,^,s)^Xo{B,^,s'). 

We will only be interested in isomorphisms (p with ip{qT-{Xr x S)) = q'^-iXr x S); any 
other isomorphism will reflect some global symmetry of B. In this case, we obtain a 
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commutative diagram for each r ^ 

X^x S 

If (f-r also preserves toric strata of x S, which imphes it is induced by an element 
G Qt ® Grn{S), then we say the isomorphism ip preserves B. Clearly the component 
of the identity of the automorphism group of Xo(-B, s) is the set of automorphisms 
preserving B. 

A simple example of an automorphism not preserving B is when B = M/Z and 
Xq{B, J^,s) is isomorphic to a nodal cubic, say y'^z = + x^z in P^. Then the au- 
tomorphism y 1-^ —y induces a map on the normalization interchanging toric strata. 

Proposition 2.32. 

(1) Let s, s' he two open gluing data for {B, ^) over S . Then there exists an isomorphism 

ip:XoiB,^,s)-^Xo{B,^,s') 

preserving B if and only if s/s' G B^{^, Q-y> ® 6^(5*)). 

(2) The map 

induced by taking open gluing data to closed gluing data is an inclusion. 

Proof (1) If s/s' G B\^, Qg, ® Gm{S)), then there exists t^ G PM{a) for all a G 
such that for e : t ^ a, s'^ = t^^l^Sg^r- Then the isomorphism 

Y[ V{a) X S ^ Yl ^(^) ^ ^ 

<7^ty^ max (7^0^ max 

which is given by t^ on V^((t) x 5 is compatible with the equivalence relation defined 
by s on the domain and the equivalence relation defined by s' on the range. Thus this 
isomorphism descends to give an isomorphism 

Conversely, if there is an isomorphism ip preserving 5, then for each a G <^^max, e : r ^ 
0", we have Ve C X^ the open subset of X^ given by Definition 12.221 The isomorphism 
i^T- : X^ X S ^ Xj. X S induces an isomorphism ip^ '■ Ve x S ^ Ve x S , and these patch to 
give an isomorphism ip>„ : V{a) x S ^ V{a) x S, which is induced by some t„ G PM{a). 
Then (p is induced by 

^ = Y[^a II V{a)xS^ II V{a)xS. 

0"Gr^^max <J^3^ max 



X^xS 



Xo(i?,^,s') 
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Now set Sg = Set^^ whenever e : r — cr G iS^ra&^i s'^ = Se otherwise. Then s" is congruent 
to s mod B^{^, Q,gfi ® Gm(S')), so as above we obtain an isomorphism 

induced by on V(cr). Furthermore, the composition o ■?/; is then induced by the 
identity maps on V(cr) x S* for all a G <^max- Thus, by replacing s by s", we can assume 
(pa is the identity for each a G <^max, and thus the equivalence relations 9^ and 9^' defined 
by s and s' must be the same. 

Thus in particular, whenever (61,62) is a maximal pair, 

° *eie2 ° S'ea = ° ^eiez O Sea. 

In particular, 

(1) Se2/42 = ^ei/< 

Now for each r G ^ \ <^^max, choose some morphism e : r ^ a ^ <^^max, and define 
= Se/s'^. We first need to check this is independent of e. Given a diagram 




0-2 

with {gi,g2) a maximal pair, then using ^ for {gi,g2), we have 

Sfii S(;^|rS/ ■^92!''"'^/ 

Finally, with to- = 1 for o" G ^ma,x, we note that for any 6 : ri — *• r2. 
Indeed, given a map f : T2 ^ a e ^max, g = f ° e, 

Thus s and s' are equivalent open gluing data. 

(2) Clearly if s G B^{^, ® Grn{S)) is induced by t = (t^)^^^^, then s is the 
Cech 1-coboundary of t = (tr)T&.iy'- Thus the map is well-defined. In addition, if s G 
Qgn ® Gm{S)) is mapped to a Cech 1-coboundary, say the coboundary of (tr)re.5i2 
with G r(lVT-, (g) Gm{S)) = Qr ® then induces a map ^9,- : X^- 

and then an isomorphism of Xq{B, s) = limF^ s with Xq{B, 1) = limFg i, where 
1 denotes trivial open gluing data. But then by (1), s G B^{l^, ® Gm(5')). Thus the 
map is injective. □ 
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Remark 2.33. Thus we see that H^{W, Qgs ® 6^(5*)) parametrizes a set of gluings of the 
components Xr, while H^{^, Qcy> ® Gm(5')) is a subgroup parametrizing gluings which 
are "locally trivial," i.e. etale locally isomorphic to things of the form V{ct)- It is only 
these locally trivial gluings which will play a role in the theory. The difference between 
open and closed gluing data can be exhibited locally. Given an integral lattice polytope 
a C Mr, Qff> still makes sense as a sheaf just on a, as does the open cover W , so 
H^{W , Qff> ® Gm(5')) still makes sense, and gives regluings of irreducible components of 
Via). If H^{W , Q;^ ® Gm{S)) ^ 0, there are regluings of the irreducible components 
of V{cy) which yield spaces not isomorphic to V{a). One example of such a a is an 
octahedron in M'^; one can show H^{W, ® Gm{S)) 7^ by a dimension counting 
argument. Somewhat mysteriously, this group seems to have something to do with the 
Brauer group of the toric variety X(So-): see [TT] . 

We also note that one can easily show (using similar methods as in Lemma l5.5jl that 
W is an acychc covering for ® G^(^), and thus H\W, Q,^ = H^iB, ® 

G„,(5)). □ 



Next, we make the connection between the cone and fan pictures. Given open glu- 
ing data s, Xq{B, s) is not necessarily projective even if we have specified ample line 
bundles on each irreducible component compatible with identifications. It turns out giv- 
ing such data is equivalent to giving a strictly convex piecewise linear function [B, ^). 
However, there is still an obstruction to gluing these line bundles to obtain an ample line 
bundle on Xq{B, ^,s). This obstruction, depending on s, is the map described in the 
following theorem. If this obstruction vanishes, Xq{B, s) will be projective and arise 
from the cone picture of a discrete Legendre transform of {B, 

Theorem 2.34. Let B be an integral affine manifold with singularities with a toric polyhe- 
dral decomposition 0^ and a strictly convex integral piecewise linear multi-valued function 
(p. Let S = Spec A be an affine scheme. Let {B, ^,(f) be the discrete Legendre transform 
of {B, ^,(f). Then there is a group homomorphism 

: H\^^, ® G„(5)) H\B, G„(5)) 

such that if o{s) = 1, there is a choice of gluing data s for the cone picture for over S 
with an isomorphism 

Xo{B,^,s) = Xo{B,^,s). 
In particular, Xq{B, s) is a projective scheme. 

Proof. If cr G is a cell, then if induces a strictly convex piecewise linear function 
on So-, well-defined up to linear functions, and hence an ample line bundle on 
Xcr- Then it is a standard fact of toric geometry that if & C Q*^ is the corresponding 
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Newton polytope of La (as defined in the definition of discrete Legendre transform in 
§1.4), C(^) C Ql^ © M, = CCa) n (Q: © Z), = A[P^], then 

Proj Ra = Xa, 

with 

On the other hand, is the ring given by Definition 12.11 for (T G <^^, so — X^. 
Furthermore, it is easy to see that if e : r ^ cr (or equivalently e : a ^ f) then 

F{e) -.X^^Xr 

coincides with 

Proj F(e) : X, ^ X,. 

Now consider the open gluing data for the fan picture s G Z^(,^^, Q-^ © 0^(5')), with 
associated closed gluing data s, with Se G r(VFe, Q^®Gm(5')) = Qo-©Gm(5') for e : r — > a. 
There is a natural isomorphism between Qo- and (A^)*. On the other hand, choose some 
embedding & C Af j^. Then we can identify Hom(P^, G™(^)) with (Af © Z)* © G„(^). 
However, this is non-canonical as it depends on the embedding of a; translating a will 
change this identification. We can however use the inclusion of (Af )* © G„,{S) in (Af © 
Z)* © Gm(S') to identify with an element Sg of Hom(Po-, Gm(S')). Now (sg) may not 
satisfy the 1-cocycle condition for gluing data in the cone picture because of the arbitrary 
nature of this identification. In general, because s satisfied the 1-cocycle condition, given 
ei : (Ti — ^ 0-2, 62 : (T2 ^ 0-3, 63 = 62 o ci, we have 

factors through the well-defined projection P^^ Z. Thus we can consider (se^ ■ Sejp,^ ■ 
s~^)(l) G GmiS). This assigns to each two-dimensional simplex in Bar(^) an element 
of Grn{S), and it is easy to see from the construction that this defines a 2-cocycle for 
simplicial cohomology of B, i.e. an element of iJ^(P, Gm(S')). This defines the map o, 
and it is easy to see o(s) only depends on the class of s in H^{^, Qgs © Gm,(5')). 

Now suppose o(s) = 1. Then there exists a 1-cochain (/ig), h^. G Gm(S'), e running over 
all edges of Bar(<^^) with 

(Sei ■ ■Sealp^^ " ■5gg^)(l) = /igi " /ie2 ' ^63^- 

Interpreting h,. for e : f ^ a as a map Pf ^ 6^(5*) given as the composition of the 
projection Pf and the map n i— /i", we can define 

= ■ K^. 
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It is then clear that s' = (Sg) are gluing data in the cone picture, as the 1-cocycle condition 
is satisfied. Replacing s by s', it is easy to see that for e : r ^ cr, we obtain a commutative 
diagram 

X,xS "'^^^'^ X,xS 

X^xS XrX S 

Taking limits yields an isomorphism 

Xo{B,^,s)^Xo{B,^,s). 

□ 

Thus we see that a strictly convex integral piecewise linear multi- valued function on B in 
particular gives rise to a choice of ample line bundle on Xq{B, s) for some s (though not 
necessarily for all s unless H'^{B,Gm.{S)) = 0). However there is also a choice involved. 
There might be different choices of (he) in the proof above, giving different choices of 
gluing data in the fan picture. This choice is parametrized by H^{B, Gm{S)). While this 
choice doesn't affect the underlying scheme, it does change the line bundle. 

Example 2.35. If B is as in Example ITTHl then Xo{B, 1) coincides with XoiB, 1), 
where B is obtained from the refiexive dual S of H. (See Examples 11.531 and 12. 6^ . 

Example 2.36. According to Remark 12.191 Xn(B. ^,s) is a scheme if the cells of the 
polyhedral decomposition do not self- intersect. Even with self-intersections it might be a 
scheme, for example in dimension one. Here is an example where the property of being a 
scheme rather than an algebraic space depends on algebraic relations between the gluing 
parameters. 

As in Examples 12.21 and 12.51 consider B = R^/Z^ with only one maximal cell coming 
from a = [0, 1] x [0, 1] C M^, but now viewed in the fan picture, with S = Speck. Then 
Xy = X for the unique vertex v ^ B, and closed gluing data s = {se)e:T^cr provide 
toric identifications {0} x P^ ^ {oo} x P^ and P^ x {0} ^ P^ x {oo} given by the actions 
of some a, P E respectively. Here 0, cxd G P^ denote the two zero- dimensional torus 
orbits. 

Now if X = Xq{B,^,s) is a scheme there exist effective divisors D (Z X through 
the distinguished point o G X of multiplicity four and not containing a component of 
Xsing. Such D can be obtained by taking the closure in X of a Cartier divisor on an 
affine neighbourhood of o. A priori this leaves us with a Weil divisor. To obtain a Cartier 
divisor consider the Z/2 x Z/2-action on X defined on the normalization P^ x P^ by the 
toric automorphisms on each of the two factors exchanging the two zero-dimensional torus 
orbits. Summing over this action we may assume that D is Z/2 x Z/2-invariant. We claim 
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that D is now Cartier. In fact, this is only questionable at points p E \D n Xsmg\ \ {o}. 
There is an etale neighbourhood of p of the form Spec k[x,y, z]/{xy) with one of the 
Z/2-factors exchanging the two irreducible components. (This could be made explicit 
by lifting s to open gluing data, which is always possible in this case, and using the 
etale cover V{a) X.) Let Di + D2 be the decomposition of D according to the 
two irreducible components of this etale neighbourhood. Then since D is Z/2 x Z/2- 
invariant, Di fl Xsmg = -D2 H Xsmg- Therefore there exist fi{x,z), f2{y,z) defining Di, 
D2 on their components respectively, with fi{0,z) = f2{0,z). Then D is defined by 
z) + f2{y, z) — /i(0, z). So D is in fact Cartier. 
The pull-back of D to the normalization x ^ X is now given by a bihomogeneous 
polynomial 

fj.=0,...,d 
i/=0,...,e 

with Ooo 7^ 0, (i, e > 0, and such that 

y, 0, 1) = c ■ y, 1, 0), F(0, 1, n, v) = ■ 0, (3u, v), 

for some c, c' G . Comparing coefficients gives the relations 

a^o = c ■ a^a^e, clou = c' ■ P^adu, 
for all /i, u. This gives two ways to compute aoo from ade'- 

flOO = Caoe = Cc'^^ttde, 

ooo = c'ado = c'ca'^ade- 

Thus a necessary condition for such a divisor D to exist is an algebraic relation of the 
type 

a'^ = /3^ 

with d,e > 0, between the gluing parameters a and 

Conversely, if such a relation exists the same considerations give sufficiently many 
Cartier divisors on X separating points and tangents. Hence in this case X is projective. 
In fact, such X arise from the cone picture for a rectangle with sides of lengths d and 
e. □ 

We compute some invariants of Xo{B, s). 

Proposition 2.37. Let B he an integral affine manifold with singularities and toric poly- 
hedral decomposition . Let s he open gluing data for {B, ^) over S = Spec(74) , and 
X = Xo{B,^,s). Then 

H\X, Ox) = H\B,A). 
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Proof. Let 



CTfl-» ►CTJ. 




where for t & Qr '■ Xj. x S ^ X is the map constructed in Lemma 12.291 Define a 
differential d^ct as in §A.3. Then we show in Example IA.3I that 'if*^^ is exact. There is 
also a natural inclusion Ox — > ^bct given by pull-back of functions, and it is easy to check 
as in Example lA. 31 that this makes 'i^'^^ into a resolution of Ox- Now 

W{X^^xS,Oxa,><s) = 

as Xg-j. X S* is proper over S, since Sg-j. is a complete fan. Thus H\X, Ox) = H\T{X, ^*)). 
However, r(X, '^•) coincides with the complex of simplicial cochains with coefficients in 
the ring A with respect to the barycentric triangulation Bar(^). Thus i/*(r(X, ^•)) = 
A) as desired. □ 

For later reference let us also record here an interpretation of H^{B,GmiS)). We say 
a line bundle on a scheme X over S is numerically trivial if its pull-back to any complete 
regular curve defined over a geometric point of S has degree zero. The set of isomorphism 
classes of numerically trivial line bundles of X form a subgroup Pic^(X) C Pic(X). 

Proposition 2.38. Let B he an integral affine manifold with singularities and toric poly- 
hedral decomposition . Let s be open gluing data for {B, ^) over S = Spec(A), and 
X = Xo{B,j^,s). Then 

Fic^{X)=H\B,GUS)). 

Proof. Given L G Pic^(X) any restriction = q*{L) is a numerically trivial line bundle 
on a toric variety defined over an affine scheme, hence trivial. Choose isomorphisms 
Ht- : Lt- ^ Oxrxs and, for e G Hom(r, a), consider the composition 

/-/-> hr \xcrXS J- : ^o"/?-) 

: ^XaXS ^ WlXaXS — * ^XaXS- 

This is a locally invertible element of T{Xa- x S, Ox„ x S) = A, that is, G For a 

composition c<j — > r cr it holds ^/oe = 0U^x5 ■ ^e- Hence (^e) is a simplicial one-cocycle 
for the triangulation Bar(<^3^) of B. Different choices of yield cohomologous (^e)- 

Conversely, given ^ = (^e) we can enrich the gluing functor Fs^s from Definition 12.111 
for the closed gluing data s associated to s to also take care of a line bundle. The 
corresponding functor 6*5,5,5 maps r G ^ to the pair [Xt^Ox^xs)-, and e G Hom(r, a) 
maps to the morphism Fs^s{p) of spaces and to the morphism 

■ FsM* ■■ Fsrs{e)-\Ox^.s) Ox^ 
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of line bundles. In view of the methods presented in this section it is then clear that Gs,s,^ 
has a limit {Xq{B, s), L) in the category consisting of pairs of an algebraic space and 
a line bundle, and that L maps to ,^ G H^{B,Gm{S)) under the map described above. 
Details are left to the reader. □ 



We end this section by discussing dualizing sheaves on X = Xq{B, ^,s). Now we do 
not wish to go into the question of duality for algebraic spaces, which is a question which 
does not appear to be dealt with in the literature. Therefore, for the discussion which 
follows, assume that either duality does hold, or that X is a scheme. This occurs as in 
Remark 12.191 or if X arises through gluing in the cone picture, so that X is in fact a 
projective scheme. In any event, we take 5* = Spec/c, k an algebraically closed field. Note 
that X is Gorenstein: it is covered by etale sets of the form V{a) C U{a), and V{a) 
is Gorenstein by j2ZI, pg- 126, Ishida's criteria, (3). Thus there is a dualizing sheaf ux 
which is in fact a line bundle. In addition, consider the map u : X = U^^g^ X^, — X 
(induced by g„ on X^,). Then u is in fact the normalization of X. Let C C X be the 
conductor locus. Then by jlO], Proposition 2.3, i'*u!x — ^x{C), where the latter denotes 
the "S'2-isation" of Uj^ ® Oj^(C); on X \ Sing(X), this is just '^x\smg(x)(^)- Now by 
construction C fl X^ is just the reduced union of toric divisors of X„, and this coincides 
on Xt, \ Sing(X^) with the anti-canonical class of X^ (see e.g. jHZI, Corollary 3.3). Thus 
'^x\Sing(x)(^) — ^x\sing(x)' ^xi^) — shall use this to calculate uix- 

Theorem 2.39. Let B be a compact integral affine manifold with singularities with a toric 
polyhedral decomposition , and s open gluing data over S = Spec k, k an algebraically 
closed field. Let X = Xo{B,j3^,s). Suppose X is a scheme, or duality holds as above. 
Then cux = Ox if and only if B is orientable, and uj'^ = Ox if B is not orientable. 

Proof. First suppose B is orientable. Then ii n = dim 5, H"{X,Ox) = H"'{B,k) = k 
by orientability, compactness and Proposition 12.371 But by Serre duality, (using the 
hypothesis that B is compact so that X is proper over k) we then have H^{X,ujx) = k. 
Thus we have a non-zero global section of ux- To see that it is nowhere vanishing, use 
i'*ux = Ox- From this we conclude that a non-zero section of ux does not vanish on any 
Xy, and hence vanishes nowhere. Thus ux — Ox- Clearly if B is not orientable, then 
iJ°(X, c^x) = 0, so ujx cannot be trivial. However, B has an oriented unramified double 
cover B' — > B. We can pull the affine structure on B back to B', and also pull back 
and s to B' giving a polyhedral decomposition of B' and open gluing data s', and then 
we obtain an etale double cover vr : X' = Xo{B', s') — X. Then 'n'*uJx = i^x' — Ox' 
since B' is orientable. From this it follows that ux must be two-torsion. □ 
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3. Logarithmic structures 

3.1. Introduction to log structures. For a normal crossing divisor X in a. smooth 
variety V there is the classical notion of differential form with logarithmic singularities 
along X. They generate an Oy-'module Qy{logX). An important application is for a 
semistable degeneration it : V ^ A, which is a proper map from a smooth variety V to 
a smooth curve A with X = 7r~^(0) a divisor with normal crossings and 7t\v\x smooth. 
One can then define the sheaf of log differentials fi^(logX) by restricting Qy{logX) to 

V and dividing out by dlogt, where t is the pull-back of a coordinate on A. Steenbrink 
has shown that in this case h'^{X,Q^{\ogX)) equals h^'"^ of a general fibre of vr j4(jj . 
Logarithmic (log-) geometry provides a means to define Q^(logX) without knowledge of 
V. The fundamental notions of log geometry are due to Fontaine, lUusie and K. Kato. 
Standard references are [2H],|2Z|- 

Before giving the definition let us list our conventions. All sheaves are understood 
in the etale topology. A monoid is a set with an associative product with a unit. We 
tacitly assume all monoids to be commutative. If M is a monoid then M^p denotes the 
Grothendieck group associated to M; this is an abelian group together with a homomor- 
phism M —>■ M^P that has the universal property with respect to such maps. The group 
of invertible elements of M is denoted . A monoid is integral if M — s> M^p is injective; 
and an integral monoid is saturated if x G M^p, G M implies x G M. A finitely gener- 
ated, integral monoid is called fine. All the finitely generated monoids we are concerned 
about are toric, which by definition means finitely generated, saturated and M^p free. 
These are precisely the monoids isomorphic to Z" fl a'^ with a C Hom(Z", M) a rational, 
strictly convex polyhedral cone. 

Definition 3.1. A log structure on an algebraic space X is a homomorphism 

ax ■■ Mx — ' Ox 

of sheaves of (multiplicative) monoids such that ax '■ '^x^(C^x) ~^ isomorphism. 
The triple (X, A^x, oix) is then called a log scheme. The quotient of M.x by the subsheaf 
C M.X is the ghost sheaf Aix of the log structure, with monoid structure written 
additively. 

A morphism of log spaces F : {X,Aix) {Y,A4y) consists of a morphism F : X — 

Y of the underlying spaces together with a homomorphism : F~^(7Vly) Aix 
commuting with the structure homomorphisms: ax <=> F* = F_* o ay. n 

By abuse of notation we often refer to Aix alone as a log structure. 

Here is the prime example. All of our log structures are locally derived from this 
example. 
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Example 3.2. Let X be a scheme and D C X a. closed subset of pure codimension 1 and 
j : X \ D ^ X the embedding of the complement. Then the natural inclusion 

of the sheaf of regular functions with zeros contained in D is a log structure on X. The 
monoid structure is multiplication. 

If X is locally Noetherian and normal the stalk of Aix '■= ■M(x,d) at a geometric point 
X ^ X has the following form. Let r be the number of irreducible components of D at 
X. There is a map 

q ■■ Mx,, W 

given by associating to a regular function / G Mx,x the vanishing orders ord^(/) of / 
along the components of D at x. This map factors over A4x,x/C>x x- other hand, 

if /15/2 ^ -Mx,!: C Ox,x have the same vanishing orders along D then by normality 
f2 = h ■ fi for some h G This shows that Aix,x = ■M.x,x/C>x is a submonoid of 

(N'',+). To see that it is finitely generated introduce the componentwise partial order 
on N^', that is (ai,...,a,.) > [bi, . . . ,br) iff > hi for all i. Then f,g E M.x,x and 
(?(/) > (l{g) implies f /g E M.x,xi again by normality. Therefore im(g) is generated by 
minimal elements. Using the fact that for any a G N*" the set {6 G N''|6 < a} is finite, one 
can show any infinite sequence in N*" contains an increasing subsequence. Therefore the 
set of minimal elements in im(g) is finite. 

In particular, M-xx a finitely generated subgroup of Z\ and then ^^t\M'^xx^ <^x x) 
is trivial. Hence the sequence 

1 — Ml, Ml, ^ 

splits (non-canonically) and 

Mx,, = Mx,, Xm^i^ M% = Mx.x © 01,. 

We emphasize that this splitting does not, however, hold on the sheaf level. For example, 
let /c be a field and consider X = A], and D = {0}. Then Aix is the skyscraper sheaf 
N{o}. Thus Aix © C^x non-trivial sections with support in {0}, while this is not 
true for Aix C Ox- The reason is that unlike for coherent sheaves the canonical map 
'Hom{Mx, C>x)x ^ ^om{Alx,x, is bijective at x = 0. 

If X is not normal the stalks of Atx might not be finitely generated nor even countable. 
Here is an example that we learned from A. Ogus. Let X = Spec C[x, — y^) and 

D = V{x,y). Then for any a G C the function x — ay lies in Ai(x,D), but if a, 6 G C the 
existence of /i G C^x, y}/ {x^ — y^) with x — ay = h ■ {x — by) formally, implies a = b. The 
same works for a node X = Spec C[x, y]/ (xy). □ 

For later use, we include 
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Lemma 3.3. // X is normal and D C X is the support of an effective Cartier divisor 
then -M^x D) ~ 3*^x\D '^here j : X \ D ^ X is the inclusion. 

Proof. The universal property of the morphism to the associated Grothendieck group 
gives a homomorphism 

{f,9)^f/9, f,gej.0^^^nOx, 

which is clearly injective. Conversely, let x — * X be a geometric point and h G 
Let t G Ox.x be a function defining at x a Cartier divisor with support D. If n > is 
the maximum of the pole orders of h along the prime components of D at x then t"'h 
extends in co dimension one to X. By normality of X it follows that f = t^h & Ox,x- 
Then /, G Mx,s and (/, t") G A^fx,D) ^^ps to h. □ 

The log structures obtained in this way can still be quite pathological. For example, 
A4x might not be locally generated by global sections, see Example 13.61 This leads to a 
certain coherence condition that requires some preparation to explain. 

Definition 3.4. An arbitrary homomorphism of sheaves of monoids 

^■.V^Ox 

defines an associated log structure M.x by 

Mx = {v® o-x)/{{pMp)-')\p^ v-'m)]^ 

and axij)^ h) = h ■ (p{p). 

If / : X — s> y is a morphism of algebraic spaces, the pull-back of a log structure Aiy 
on F to X is the log structure associated to 

roay-.f-'MY—^Ox. 

The notation is f*M.Y- If / is an embedding we also speak of restricting the log structure 
to X. □ 

Example 3.5. For any field k and monoid Q (written additively) with = {0} and 
field k let TWspecfc be the monoid sheaf with sections Q x over a separable extension 
k G K. Then 

a, q = 
0, otherwise, 

defines a homomorphism J^spcck C'spccfc, which is a log structure. Special cases are 
Q = and Q = N, which give the trivial and standard log points respectively. The 
notation for the standard log point is Spec/c^. This is the restriction of the log structure 
associated to the origin o C to o. □ 



Qxi^x— ^A', (g,a) 



82 



MARK GROSS AND BERND SIEBERT 



Another case is when V = P is a. constant sheaf with stalks a fine monoid, also denoted 
P. Then if is a chart for its associated log structure. More generally, a chart for a log 
structure ax '■ M.x ~^ Ox is a homomorphism ip : P ^ Ox and a factorization of ip 
via ax, inducing an isomorphism of the log structure associated to </? with J^x- A log 
structure possessing charts etale locally is called fine. In general it is impossible to find 
a global chart for a fine log structure. This is the concept of coherence for Aix- At least 
in the fine saturated case there exists then for every geometric point x ^ X a. chart in 
an etale neighbourhood with P = M.x,x, see [32] Lemma 2.12. Another way to think 
of charts is by noting that P Ox defines, etale locally, a morphism to an affine toric 
variety: 

$ : X — > SpecZ[P]. 

Now SpecZ[P] has a distinguished log structure defined either as associated to the canon- 
ical map P OspecZ[P], or by the log structure coming from the divisor defined by 
the complement of the big torus orbit as in Example 13.21 Then Aix is isomorphic to 
^*A4spccZ[P]- In particular, toric varieties provide an ample source of fine log structures. 

Example 3.6. Here is an example of a naturally occuring log structure that is not fine. 
Let k be an algebraically closed field and X = Spec k[P] with P the monoid generated by 
ei, . . . , 64 with single relation ei + 63 = 62 + 64. This is the 3-dimensional Ai-singularity 
xy — tw = in written as a toric variety. Let D be the divisor given by t = 0, a 
union of two copies of A^. Then the log structure on X associated to D is not fine at 
the zero-dimensional torus orbit o G X: If / G Ox,o has zero locus contained in D then 
f = h-t'' with h G Ox^o- Therefore 

On the other hand, at the generic point rj of x = y = the divisor D is normal crossing 
with two components. Hence 

Mx,n = N®^. 

Since o G cl(?7) this shows that Aix is not locally generated by global sections, which 
holds for fine log structures. This is not a perverse example, but a fundamental issue 
in our approach. In the example of degeneration of quartics given in the introduction, 
the total space X has 24 ordinary double points, and locally the structure of A'q C A" is 
exactly as described here. □ 

The example also illustrates that the obstruction to being fine might already be captured 
by the ghost sheaf of the log structure. This is indeed the case as we will see instantly. Let 
us say a sheaf of monoids Ai is fine if its stalks are fine monoids and if for every geometric 
point X — > X there exists an etale neighbourhood f : U — > X of x and a surjection from 
a constant sheaf 

P f-'M, 
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which is an isomorphism on stalks at x. We have the following criterion. 
Proposition 3.7. A log structure is fine iff its ghost sheaf is fine. 

Proof. Clearly if the log structure is fine, so is the ghost sheaf. Conversely, suppose the 
ghost sheaf is fine. By the same argument as in Example 13.21 the exact sequence 

1 Ol, — ^ Ml, ^ 

splits, inducing a right inverse n of Mx,x — > ■Mx,x- Put P = M.x,x- Since A4x is a fine 
monoid sheaf, after going over to an etale neighbourhood of x there exists a surjection ip : 
P — i> Aix- Composing with k, gives a sheaf homomorphism (in a smaller neighbourhood) 

ip-.P^Mx, 

which is a chart because it induces a surjection to the ghost sheaf. In fact, for a geometric 
point y —>■ X and m G ■Mx,y let fn be the image in M.x,y- There exists p & P with 
ijj{p) = fn. Then ip(j)) = h ■ m for h E Ox^y- This shows that the map P © Ox — > M.x 
induced by ip is surjective. The kernel is the submonoid of pairs (p, h) with ax{'-p{p)) ' h = 
1, which coincides with the submonoid divided out in the definition of the associated log 
structure. □ 

A central concept in log geometry is (log) smoothness. The definition runs analogously 
to formal smoothness for schemes. For our purposes it is more instructive to use the 
characterization of log smooth morphisms due to K. Kato [2H] Theorem 3.5, see also 
Theorem 4.1. A model log smooth map is given by the map of log schemes induced 
by a morphism of monoids Q ^ P with finite kernel, with some subtlety in non-zero 
characteristic. 

Definition 3.8. A morphism / : {X,A4x) —>■ (^, -Mr) of fine log schemes is log smooth 
if etale locally it fits into a commutative diagram of the form 

X > SpecZ[P] 

Y > SpecZ[g] 

such that 

(1) The horizontal arrows induce charts for the log structures on X and Y that are 
compatible with /* : f^^My Mx- 

(2) The induced morphism X Y XspecZ[Q] SpecZ[P] is a smooth morphism of 
schemes. 

(3) The right-hand vertical arrow comes from a monoid homomorphism Q ^ P with 
ker((5^'' — * PSP) and the torsion part of coker((5^'' — > P^p) finite groups of orders 
invertible on X. 
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□ 

If the characteristic is and all monoids are toric, then the last condition just requires 
the homomorphism Q ^ -P to be injective. 

Obviously any toric morphism between affine toric varieties induced by a monoid ho- 
momorphism Q ^ -P as in (3) is log smooth. In particular, log smooth morphisms need 
not be flat, a toric blowup for example. This will only be the case if we also ask / to 
be integral, which by definition means that for every geometric point x ^ X the ring 
homomorphism 7j[AiY,f{x)] ^[A^x,x] is flat. 

Given a log smooth morphism it is sometimes useful to consider certain adapted 
charts. An obstruction for finding such charts in positive characteristic is torsion in 
A4^/ f*Ai^ = Ai^ / f~^Ai^ . In our cases torsion never occurs and the following propo- 
sition suffices. 

Proposition 3.9. ( fM^ Proposition 2.25.) Let f : {X,Mx) — ^ {Y, My) be a log smooth 
morphism of fine log schemes. Then for every geometric point x X with 
M.^Xx injective with torsion-free cokernel, any chart if : Y ^ Spec Z[A1yj(^)] inducing an 
isomorphism of ghost sheaves at f{x) fits into a diagram 

U — ^ SpecZ[Mx,x®W] 

Y — ^ SpecZlMyji^)] 

with right-hand vertical arrow defined by the composition of ff : Aiyjix) ~^ ■M.x,x with 
the inclusion (id, 0) : M.x,x A^x,x ©N*", and tfj etale with the induced map M.x,x Ou 
defining a chart for {X,M.x) on an etale neighbourhood U ^ X of x. 

The factor N*" is necessary if one insists on ip to be etale rather than smooth. (Consider 
the example of a smooth morphism with trivial log structures.) However, this factor has 
no effect on the log structure. 

Log smoothness extends the class of smooth objects considerably: 

Example 3.10. 1) Any toric variety over a scheme S with its canonical log structure is 
log smooth over S, viewed as log scheme with trivial log structure. 

2) Let TT : ^ A be a semistable family of algebraic varieties as in the first paragraph of 
this section and x G A a closed point with separably closed residue field, vr induces a log 
morphism for the log structures associated to the divisors {x} C A and X = 7r~^(x) C 
V introduced in Example 13.21 Etale locally and up to smooth factors it has the form 
Spec/c[N''] Speck[N] induced by the diagonal morphism N ^ N**. Hence it is log 
smooth and integral. 
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3) Restricting the previous example to the central fibre gives another interesting log- 
smooth morphism {X,A4x) ~^ Speck{xy. More generally one can show that a variety 
X with normal crossings supports a log smooth morphism to the standard log point iff X 
is d-sermstable, which by definition means £xt^{n]^, Ox) = Ox,-,,^ (|I2], Ei, |2Z|)- So the 
existence of a log smooth structure restricts not only the type of singularities of X, but 
poses also some more subtle global analytical conditions (here the triviality of a locally 
free sheaf over Xsing) • □ 

3.2. Sheaves of log structures. We next study moduli of log structures on a space with 
given fine ghost sheaf Aix- For the following discussion we make the overall assumption 
that X is reduced. We first show that the structure homomorphism a : Aix Ox is 
then already determined by the extension 

(2) l^O'^x^Mf ^ M"-^ 0. 

Proposition 3.11. Let X he a reduced algebraic space. Let a.,a' : M.x Ox be two 

fine log structures on X with the same monoid sheaf and such that a' o : Ox — ^ O^ 
is the identity. Then a = a' . 

Proof. Let be a generic geometric point of X. Let m G M.x,fi- Since Ox,r) is a field 
a{m) is either or invertible. The first case occurs iff q{m) ^ 0, and then also a'{m) = 0. 
In the invertible case the assumption implies that a{m) = a'{m). Thus in any case 
a{m) = a'{m). Therefore a and a' agree generically, and X being reduced this implies 
a = a'. □ 

Corollary 3.12. For a reduced algebraic space X the set of isomorphism classes of log 
structures with ghost sheaf Aix 'is a subs et ofExt\Mx,0^). 

By abuse of notation we will therefore confuse an isomorphism class of log structures 
with its associated extension class. However, it is not true that all of Ext^(7Vl^, O]^) 
arises in this way. Let us study this in one example. 

Example 3.13. Let A; be a separably closed field. Consider the quadruple point X = 
Speck[xi, . . . ,X4\/{xiX3,X2X4) with Aix coming from the log structure induced by em- 
bedding into Spec A;[a;i, . . . ,X/i]/{xiXs — X2X4) = Spec A;[P] with 

P = (ei, . . . , 64 I ei + 63 = 62 + 64). 

Denote by o G X the zero- dimensional torus orbit. This is the unique point with Aix,d = 
P. Note that any element of P extends uniquely to a global section of Aix, and these 
global sections generate Aix at every point. 

Any extension q : Aix ^ Aix O^ gives four C]^-torsors 
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There is an identification of (9]^-torsors 

(£i X A)/^^ = q-\e, + es) = q-\e2 + e,) = (A x A)/^^. 

By abuse of notation we are going to use tensor notation for sections of tlie quotients 
on tlie left and right-hand sides. The components of X are Xi = V{xi^2,Xi^s), the 
indices taken modulo 4. Let r]i be the generic point of X^. Since q{Ci)\x\supp(ei) = 0, on 
X \ supp(ei) = X \ (Xi_2 U Xis) C U Xi = V{xi+2) the unit in JUx lies in £j. This 
gives a distinguished section Si of Ci over X \ supp(ei). Obviously Si extends as the unit 
section of C J^x, but generally not as a section of £j. However, possibly after going 
over to an etale neighbourhood U ^ X of the origin, the Ci become trivial. Therefore 
■ Si extends uniquely to a section ai of Ci\u for some di G Z, depending only on the 
isomorphism class of the extension. Note that xf'Sj restricts to x^* on X \ supp(ej). By 
the above identification there exists h G ^ with 

Any other G Ci^o restricting to a:f' away from supp(ej) has the form a'i = hi ■ ai with 
hi G Ox^o and hi\v{x,+2) = 1- Writing hi = 1 + Xi+2fi this changes /i by (1 + X3/i)(l + 
a;i/3)(l + X4/2)~^(l + ^2/4)"^. Terms of this form generate 1 + trio. In particular, the 
residue of /i in = Ox,o/^o is well-defined. We will see below that this residue together 
with the di are the only invariants of the extension. Conversely, for any A G /c^ the 
pull-back of the standard log structure by 

(Xi, X2, Xs, Xa) I ^ (A ■ Xi, X2, X3, X4) 

defines an extension with c^i, . . . , ^4 = 1, /i = A. So any residue is possible. Using results 
below, one can see that in fact 

For such an extension (rfj. A) there exists a homomorphism M.x Ox inducing the 
identity on iff rfj > for every i. □ 

This example is quite typical: To define ax on m G M.x,x let r/ be a geometric generic 
point of X with x G cl(f/). Then either q{'m)j^ 7^ and we must have ax{fn)Yj = 0; or 
q{m)rf = and m G Oxj^ prescribes ax("^)j7- The question is then if the regular function 
defined on the generic points with closure containing x extends as regular function to x. 
In other words, the subspace of Ext^{A4^x ^ O^) parametrizing log structures with ghost 
sheaf Aix is characterized by a pointwise positivity condition. 

The next aim is an explicit description of isomorphism classes of log structures with 
given fine ghost sheaf, building on Corollarv 13.121 Let A4x ^ Ox be a fine log structure 
on X, X —> X a geometric point and P = M.x,x- After replacing X by an etale open 
set, we may assume that there is a chart P M.x- In particular, P = r{X,Aix) and 
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for every geometric point y & X the restriction map P ■M.x,y is surjective. Define the 
relation sheaf TZ of for the given chart by 

— > 7^ — ^ PSP — , J^^^ — , 0. 

Because P^p is a constant sheaf with stalks a free finitely generated abelian group, 
Sxt^{P^^, O^) vanishes as sheaf in the etale topology. We obtain an exact sequence 

— > 7ijom(Mx, O^) — > mm{P^, O^) — > rbmiU, O^) — > Sxt\Mx, O^) — > 0. 

Therefore 

Now any p G P^^ induces a section of A^x ^^^^ zero on X \ supp(p). (When writing 
supp(p) we always mean the support of p viewed as section of Ai^ ■) Thus p\x\supp{p) is a 
section of 71, and these sections generate 71. Denoting jp : X\supp(p) X the inclusion, 
a more explicit description of the numerator is then 

TiomiTZ, Ox)x = |(/ip)pGPgp K e (jp *C'x\supp(p))5'' hp-hg = hp+g on X \ supp(p + g)}. 

As 7fom(PSP, = Eom(Mx,x^ -) we obtain the following result. 

Proposition 3.14. The stalk of£xt^{Ai^, O^) at a geometric point x of X is canonically 
isomorphic to the quotient of 

{{hp)p&M%^ K e Op*^x\supp(p))s' hp-K = K+q onX\ supp(p + g)| 

hy Hom(A1^^, C]^ -). The extension class of the log structure associated to a homomor- 
phism ip : Aix,x Ox,x is represented by 

hp = ^{p)\x\suppip)- 

Conversely, {hp)p comes from a log structure iff hp extends by to X for all p G Aix,x- 

Proof. It remains to prove the statement about log structures. Let : P ^ A^{/ be 
the chart induced by ip on an etale neighbourhood U X of x. Let TZ = ker(P^P 
J^^) be the associated relation sheaf. The composition TZ — > P^' — ^ Ai^ factors 
through O^. The factorization sends the local section of 7Z induced by p G P^^ to 
hp = ax{'f{p))\u\supp{p) = ^{p)\u\snpp{p) e C^\,upp(p)- This defines a map : 7Z ^ O^. 
By definition ijj makes the following diagram with exact rows commutative. 

7SP 



TZ > PSP > Mu > 



> Mf^ > M^J > 0. 
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This shows that the class of the extension in the lower row defining the log structure is 
the image of ijj under the connecting homomorphism B.om{TZ, 0^) Ext^ {A4^ , 0^) . 
Conversely, assume an extension hp of hp by zero exists. Then 

p I — > hp 

defines a chart P Ojj for a log-structure on X with the given extension class {hp)p. □ 

The proposition gives a complete description of germs of log structures at any geometric 
point X ^ X hj systems of invertible functions {hp)p, where hp is defined only on X \ 
supp(p). Comparing the hp on X{p) := c\{X \ supp(p)) (where cl denotes closure) leads 
to a finer classification of log structures. 

Definition 3.15. Two germs of log structures G £xt^{Mx,0^)s are said to be of 
the same type if any representatives hp, h'^ in the description of Proposition 13.141 differ 
only by multiplication by Cp G C^y(p)s' -^^^ p E P. Two log structures on an etale 
open set f/ — > X have the same type if their germs at every geometric point x ^ U have 
the same type. 

Geometrically speaking the type of a germ of log structures is determined by the van- 
ishing orders of extensions of hp along the irreducible components of X{j)) fl supp(p). 

For a scheme S let S'^ denote S equipped with log structure A^s = N5 © O^. Then if 
X is an algebraic space over S a log smooth structure on X over 5*^ is the choice of a log 
structure M.x on X together with a log-smooth morphism (X, J^x) S'^ . Isomorphisms 
are isomorphisms of the log structures on X commuting with the morphisms to 5^. Our 
principal interest is in the case S = Spec k with k separably closed; then S*^ is the 
standard log point. The general case is useful for studying locally trivial moduli of log 
smooth structures. In fact, a log smooth morphism {X,A4x) ^ S"^ induces a locally 
trivial log-smooth deformation of the fibre over any geometric point of S. 

Given that X is defined over S, a morphism from {X,Aix) to S*^ is equivalent to the 
choice of a section p of Aix with a{p) = 0. Here p is the image of the generator of N. 
Let p be the image of p in Aix- Then we obtain the commutative diagram 

1 > > Mf > Mx > 

1 > > Mf/p > Mx/P ' 0. 

Provided that p is nowhere nilpotent the kernel of the middle vertical arrow is isomorphic 
to Z, with generator mapping to p. Hence we can tell p from the diagram as the generator 
of the kernel in the middle arrow intersected with Aix- Thus given a nowhere nilpotent 
p G r(A^^), the set of isomorphism classes of log structures on X with a morphism to 
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5*^ inducing p is a subset of Ext^(Al5'/p, O^). Indeed, an element of Ext\Mx /p, O^) 
induces an element of Ext^(A1^, O^) and a diagram as above by pull-back, hence a log 
structure and a section p of • There is then a local description of the moduli of log 
structures with a morphism to 5*^ analogous to Proposition 13.141 The only difference is 
that we take the quotient by Hom(A1j5f^^/p^, ,g) rather than B.om{A4x.xy^x,x)- To 
impose log-smoothness we need an atlas of log-smooth local models prescribing the type 
of log structures consistently. 

Definition 3.16. Let X be an algebraic space over a scheme S. A ghost structure on X 
is a choice of a fine sheaf M. of toric monoids on X, a nowhere zero section p G T{X, Ai), 
and an etale cover of X, {tTj : f/j X}, with smooth morphisms 

for some geometric point Xi G t/j. Moreover, the log structures f// induced by Aixi — ^ 
T(Ui, OuJ have ghost sheaves isomorphic to n^^Ai under an isomorphism respecting pxi, 
and are of the same type on overlaps of f/j and Uj f Definition I3.15p . We usually denote 
a ghost structure on a scheme X by X^. If {X,^Ax) is a. log smooth structure on 

X and X^ is a ghost structure, we say (X, TWx) is of ghost type X^ if there exists an 
isomorphism Aix — * identifying the given sections, and if on the open sets f/j, the log 
structures on Ui induced by {X,A4x) and by X^ are of the same type. □ 

Example 3.17. Here is the key example of a ghost structure. Let B be an integral affine 
manifold with singularities and toric polyhedral decomposition and let s be open 
gluing data for over a scheme S. Then the scheme X = Xo{B, s) has a canonical 
ghost structure as follows. By the construction of §2, there exists an etale open cover of 
Xo{B, J^,s) by sets V{a) x 5" along with embeddings V{a) C U{a), where a runs over 
all maximal cells. More explicitly, if cr is a maximal cell, P := as in Definition \2.12\ 
p := Pa ^ P the element corresponding to the projection M © Z ^ Z, then 

U{a) = SpecZ[P] 

V{a) = Spec Z[P]/(^^") = Spec Z[aP]. 

Thus we obtain a canonical log structure on V{a) x S from the chart P Z[c?P], with 
a ghost sheaf M.vicT)xs- K is easy to see from the discussion of ^ that on overlaps, 
■M.v{a)xs match, gluing to give a sheaf A4x- Furthermore the sections p of M.v(a)xs also 
glue, giving p G T{X, Aix)- Finally the identity maps V{o-) x S ^ x S yield the 

smooth morphisms defining the ghost structure. 

One of the fundamental problems we need to solve in this paper now arises. We wish 
to obtain log structures on Xq{B, ^,s). The naive hope would be that the log structures 
induced by the above inclusions V{a) C U{a) glue to give a global log structure on 
Xq{B, s). Unfortunately, this only happens when A = 0, as we shall see. 
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Example 3.18. In Example I2.1fi^ we glue together two normal crossings varieties. The 
log structures in fact glue, because the gluing of V{ai) and V{a2) along V{Ti) extends to 
gluings of U{ai) and U{a2) along U{Ti). However, the log smooth structures don't. In 
the coordinates used in that example, p is given by the function yz on Uiji) and U{t2), 
but (f){yz) = x~^yz, so the p do not glue. (Note that is invertible on Uiji), so the p's 
do glue). 

In Example 12.171 even the log structures don't glue. It makes a good exercise to check 
this using charts. Note in this case the gluing of V{ai) and V{a2) doesn't extend to a 
gluing of U{ai) with U{a2). □ 

As a result of this fundamental problem, in order to obtain a log structure on Xq[B, s), 
we have to understand the set of all log structures with a given ghost type. We will see that 
given a ghost structure there is a subsheaf CSxa C Sxt^^M.^^ / Pi ^x) "whose sections 
over an etale U ^ X are in one-to-one correspondence with the log-smooth structures on 
U of given ghost type. 

Definition 3.19. Let X be a reduced algebraic space, defined over a scheme 5", and X^ 
a ghost structure on X. Denote by CSx9 the subsheaf of Ext^^M^^ / Pi ^x) °f germs of 
extension classes of the same type as prescribed by the ghost structure. We will usually 
drop the superscript g as the ghost structure will always be clear. 

Note that this definition makes sense because for sections of £xt^{M^xi^^) t)e of 
the same type fPefinition I3.15P is an open condition. 

Proposition 3.20. Let X he a reduced algebraic space, of finite type over a scheme S. 
Assume that X^ is a ghost structure on X with generated by p at the generic points. 
Then the set of isomorphism classes of log smooth structures on an etale set U ^ X of 
the given ghost type is canonically in bisection with r{U, CSxs) ■ 

Proof. On a reduced space any homomorphism ip : Ai^ Ox with ip{p) = 1 is trivial, 
because p generates A4x at the generic points. Thus 7-fom(X^ /p, C]^) = and the 
local-global Ext spectral sequence gives 

Ext\W^/p, o^x) = r(^, £xt\-M'^/-p, o^x))- 

In view of the discussion before Definition IH.lfil this shows that there is a one-to-one 
correspondence between isomorphism classes of log structures on an etale open set f/ ^ X 
together with a log morphism to S*^ of the type prescribed by the ghost structure, and 
r(f/, £iSx9)- It remains to show that the log morphisms arising in this way are log 
smooth. It suffices to check this in a neighbourhood of any geometric point x U and 
for S = Spec A affine. Let C, G (£iSxs)x- 

The ghost structure on U and Proposition 13.91 provide an etale map 

(f):U ^ Spec A[Mx,x © W]/{zP') =: V 
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with log structure associated to M.x,x — > r(?7, Ox) having the type prescribed by the ghost 
structure. For p e Aix,x denote by U{p) C U the subscheme defined by Ann(0*(2^)). 
This is the closure of U \ supp(p) when we view p as a section of Aix over U . We 
may assume that the functions from Proposition 13.141 representing ^ are defined on U {p) 
and have the form hp(j)*{zP) with hp invertible on U{p). Define ip : U —>■ V hj sending 
{p, n) e Mx,x © N'^ to hp ■ The germ at x of the associated log structure equals 

^. It remains to show that ip is etale. 

To do this recall that etale maps between schemes are precisely those locally of the 
form 

5^5[Ti,...,Tj/(Fi,...F„) 

with det{dFi/dTj) invertible, see for example [33], Corollary 1.3.16. Clearly, to show 
etaleness in a neighbourhood of a geometric point x, it suffices to check invertibility of 
the Jacobian determinant in the local ring at x. Let us now write U = Spec i?[T]/(F) 
with B = A[Mx,x ®W]/{zP^) and boldface symbols denoting indexed entities. Note that 
the shape of the ghost sheaf on V implies that x maps to the subscheme in U defined 
by the ideal generated by Aix,x \ {0}. We can assume without loss of generality that 
X maps to the subscheme in U defined by the ideal generated by {J^x,x © N'^) \ {0}. 
Let pi, . . . ,pm be generators of dAix,x © N'' as a monoid and write = z^''. Their 
relation ideal is generated by finitely many polynomials Gx of the form Y[ ~ 11 -^1^ 
with 'Y^ttkPk = 'Yli^kPk or n^^fc'' with Y^a^Pk = oo. For each k choose an extension 
hk G -B[T]/(F) of hp^ to U. Possibly after localizing at the hk we may assume hk to be 
invertible, even in y4[X, T]/(F). Note that localization of a ring C at a is isomorphic to 
C[T]/[aT — 1) and hence preserves the standard description of etale maps just given. 
The homomorphism defining ip is then 

A[X]/(G)^A[X,T]/(G,F), X^h-X. 

To bring this into standard form introduce new variables S with S = h ■ X and swap X 
and S. Now the hk are invertible in A[K, T]/(F), and Gx{h ■ X) = H K'^xi^)- Hence 
the ideals in ^[X, T]/(F) generated by G(X) and by G(h ■ X) coincide. This shows that 
the introduction of S turns the above homomorphism into the canonical inclusion 

4X]/(G) (4X]/(G(X))[S,T]/(X-h'.S,F'), 

where h' = h{S, T), F' = F{S, T). The Jacobian matrix of the relations is 

( - h' - dh'/ds ■ s) - {dh'/dT ■ s) \ 

(dF'/dS) (dF'/dT) J ■ 

To show that the determinant of this matrix is invertible at x it suffices to show invert- 
ibility modulo S, that is in 

^[X, S, T]/(G, X - h' ■ S, F', S) = A[T]/(F(0, T)). 
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The result is 

/-diag(h(0,T)) U (_i)™(^fT;,^(0,TAdet(9F/9T)(0,T). 

\^ (9F/9S(0, T)) {dF/dT{0,T))J ^ ' k\ . ) J \ I A, ; 

The right-hand side is invertible because all hk and det(c}F/9T) are invertible in -B[T]/ (F) 
= y4[X, T]/(G, F). Because the G keiiOu^x k{x)) this shows that the Jacobian 
determinant is invertible at x. Hence if) is etale in a neighbourhood of x. □ 

3.3. Log structures for the fan picture. Our main goal now is to compute the sheaf 
CSxa for X = Xo{B, 0^ , s) with ghost structure given by Example 13 .171 and to understand 
global sections of C.Sxq{b,»,s)- We will in fact find that in general, there are no global 
sections if A 7^ 0. However, we can find sections over nice open subsets of X, which will 
then define a log structure on these open subsets, which shall prove to be enough for our 
purposes. We will always work over S = Spec k, where k is an algebraically closed field, 
so we write V{a) instead of V{a) Speck, etc. 

We begin by calculating the sheaf jOSx on our standard etale covering of X, as follows. 
Let a C Mm. he a polytope with dim a = dim Mr, and let P := P„ = C{ay n (iV © Z) as 
usual, with U{a) = SpecA;[P] and V{a) = Speck[dP], also as usual. Let S be the normal 
fan of a in N^- Choose some non-negative integer r, and set 

V = V{a) xGl^ = SpecA;[aP©Z"]. 

V carries a canonical log structure via the smooth projection map V — » V{a), or equiva- 
lently via the obvious chart 

P kldP^Z']. 

This induces a ghost structure on V, and we will calculate CSy, the sheaf of log-smooth 
structures on V with this ghost structure. 

As in Definition I3.L^I write V{p) = cl \ supp(p)). Let JF be the sheaf on V given by 

U I — > {{hp)pi=p\ hp is an invertible function on U H V{p) 
and hp ■ hq = hp^g on U H V{p + q)}. 

Then can be viewed as a subsheaf of TiomiTZ, Oy) via the map 

r(f/,^) 3 {hp)p^p ^ {z^hp)p^p G T{u,mm{n,o^)). 

Then it is clear from the definition that CSy is the quotient 

T/l-bm{P^^/p, O^) = T/nom{N, O^). 

However, it is also clear that JF is the same as the sheaf given by 

U I — ^ {ihp)p^Qp\{oQ}\ hp is an invertible function on f/ fl V{j>) 
and hp ■ hg = hp^g on f/ fl V{p + g)}. 
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Note that each face r of a gives a cone f G S and thence an irreducible closed stratum Vr = 
Spec A;[('f fl A^) © Z*^']. The scheme V has irreducible components {Vv\v is a vertex of a}, 
and these are glued together along lower dimensional strata. As usual, r i-^ is an order 
reversing correspondence. 

For this local case we introduce shorthand notation: for a face r of a, we denote by 
the intersection of the lattice M with the tangent space of r at any interior point of r; 
this is a sublattice of M. As in §1.5, we can choose primitive generators of cu" for each 
edge uj of a, and this induces a choice of vertices and v~. This induces orientations 
on each edge of a. 

The following definition is as in p. (This is no accident, see Example 14.281 ) 
Definition 3.21. For each 2-face r C cr, we define its sign vector 

er : {dimension one faces of a} { — 1,0,+!} 

by 

iiu<^T 



±1 ifcuCr 



where the sign is chosen so that if cui, . . . , cjat are the edges of r, then the singular 1-cycle 
'^eri{uji)uji is the oriented boundary of r with respect to some orientation on r and the 
given chosen orientations on uji. This is well-defined up to sign, and we make an arbitrary 
choice. □ 

Theorem 3.22. With the choices in Definition \3.21l CSy is isomorphic to the subsheaf 
'^Z ©dima;=i defined as follows. If U V is any open set, then T{U,CSv) consists of 
ifuj) £ ^iUy®dimuj=i^Vu,) ^'^^^ that for every two-dimensional face r of a, we have 

(3) n = leM®^T{U,Ol). 

dima;=l 

Here the product is taken in the group M ®iT{U^ ^vt)? where M is written additively and 
V{U,Oy^) multiplicatively. 

Proof. CSv can be viewed as a sheaf in either the Zariski topology or the etale topology. 
Here we will show we get an isomorphism in the Zariski topology, though the same proof 
works in the etale topology. For the purpose of this proof we therefore work in the Zariski 
topology. 

We begin by defining a homomorphism 

dima;=l 

and then show the kernel of ^ is T-(jom{N, Oy), and the image is the subsheaf defined by 
the condition Q. 
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To define ^, let h = (/ip)pgap\{oo} be a section of JF over an open set U of V. For each 
vertex v of a, consider p & v (1 N. Because G k[dP] does not vanish generically on 
the irreducible component of V, the generic point of Vy is not contained in supp(p), so 
Vv ^ V{p)- Thus in particular 

P^h,\v^eT{U,O^J 

gives a multiplicative map 

g,:vnN-.TiU,O^J 
which extends multiplicatively to a map 

g,:N^TiU,O^J, 

i.e. an element G M ® r(?7, C^l). Now if ui is an edge of a, then cl; = fl wj, and for 
P^^, 9v+ ip) I = g^- (p) I V. • Thus 



G ® T{u, 



and we can write 



9v+\v^ 

for some C,uj{h). Then we define 




Now by the construction of ^, the kernel of ^ clearly contains 7iom{N,Oy). On the 
other hand, suppose h G ker^ on an open set U. We wish to show h is induced by an 
element of Tiom^N, O^), i.e. there is an h' G Tiom^N, O^) such that h'{p)\v{p) = hp. To 
construct such an h', let x E U and let r be the largest face of a such that x G Let 
fi, . . . , Wr- be the vertices of r, so that x G ni=i Then for p E N, gvXp) G r(f/, Cvl ), 
where gy. E M (E) T{U, Oy^ ) is as above. If oj is an edge of r, say with vertices Vi and 
Vj, then gvi{p)\v^ = fi't)j(p)lK.! since G ker,^. Thus the functions gvi{p)\x^. glue to give 
a function h'{p) in a neighbourhood of x. Doing this for an open covering of U gives a 
function h'{p) defined everywhere on U . Since each g^ is multiplicative, so is /i', so that 
h' G Tiom^N, Oy). Clearly by construction, = hp. Thus ker^ = Tiom^N, Oy). 

We next consider the image of ^. If r is any 2-face of a, with vertices wi, . . . ,?;7v in 
cyclic order, Ui the edge connecting Vi with t>j+i (indices modulo A^) and h G T{U,J-'), 
then 

AT III 

n < ® = ^ . ^ . . . ^ = 1. 

Thus ^(/i) satisfies condition Q. 
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Conversely, we need to show that ^ surjects onto the subsheaf defined by (jH)). We will 
show surjectivity on stalks, so we fix a point x ^ V. Suppose we are given an element 



X 

Vuj,X 

dima;=l 



satisfying (jH}. For each C a, let = M ® Oy^ ^, and whenever ui C uj2, let ip. 
M^^ — > M^^ be given by restriction of functions. Then {M^j^^co- forms a system as in 
§A.l. Thus we obtain a complex as in §A.2. Furthermore, k := {k^) = {d^®fi_j) ^<za 

dimuj — 1 

is an element of Cpj^^ with (iphd(a) = 0, because of condition Q. However, the system 
{M^} satisfies Condition (*) of §A.l in exactly the same way as argued in Example IA.31 
giving a compatible collection on a subset of the set of faces of a means giving elements of 
various M ® Oy^ ^ which agree on intersections of strata. These elements therefore glue, 
and can be lifted to an element of M ® ^v{(t)x- Since Condition (*) holds, there exists 
an element g := {gv)v<^a ^ Cphd ^'^ch that dp^did) = k. 

We can now construct h = (hp) as follows. If p G dP \ {oo}, then V{p) = IJ^gp We 
want to define hp so that hp\v^ = gv{p) whenever p E v. Thus we need to be able to glue 
the gvip) for all v with p E v. So if p G C w, we need to know gv{p)\vu, is independent 
of V G uj. To check this, it is enough to check that this is true when u is dimension one, 
with two vertices v^. But 

^.^?!^" = k^{p) = d^{p) ® 
9v+ (P)IVL 

But as p G cD, d^{p) = 0, so this is 1 and we have the desired independence. Thus g^+ip) 
and g^-ij)) glue. Thus we obtain hp. 

Finally, we need to check that ^{h) = f. But if C a is an edge, then 

d^0Uh) = ^-^ = k^ = d^®f^ 

by definition of k^ and ^. This gives the desired result, and surjectivity is proved. □ 

Example 3.23. (1) Let a C Mk = M" be the standard simplex, i.e. the convex hull of 
Co = (0, . . . , 0), ei = (1, 0, . . . , 0), . . . , Cn = (0, . . . , 0, 1). Then V := V{a) can be identified 
with the scheme defined by = in Specfc[2;o, . . . ,Zn]- Let (/^) be as in the above 
theorem, so that /^^ is an invertible function on for C a of dimension one. We need 
to impose the condition that it be in CSy- Without loss of generality, we can take the 
two-face r spanned by Cq, ei and 62- We get the condition that 

(/eoei/eie2' /eie2/e2eo' -'-)•••)-'-) (-'-' • • • 5 ^) ■ 

on Vr- But this implies that the three functions feoei, /eoe2 and /g^ej agree on Vr- One 
can then easily see, in fact, CSy — O^, where D is the singular locus of V. 
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(2) We next look at the quadruple point, i.e. cr C with vertices (0, 0), (1, 0), (1, 1) and 
(0, 1). Starting at (0, 0) and proceeding counterclockwise, we have edges ui, . . . , u^, which 
we orient positively, with generators di of u;| being di = (1,0), ^2 = (0, 1), d^ = (—1,0), 
and d^ = (0,-1). Then a choice of fi G Oy^ must satisfy {fif^^ , f2fi^) = (1^1) on 
Vct, i.e. /i = /a and /2 = fi at the point V^. Note this gives the description of CSy as 
Od, X O^,^ where = V^, U V^, and = V^, U V^,. □ 

We now need to understand the global nature of the sheaf of log smooth structures. 
Given an isomorphism / : of schemes with ghost structures, there is of course 

a natural isomorphism 

/ ^ : CSy — > f*CSx 

defined as follows. For [/ C X, a section a G V{f{U), CSy) defines a log smooth structure 
f{Uy Specfc^ Pulling back this log structure to U, we get a composed map W — > 
f{Uy — > Spec giving a log smooth structure on U, hence a section /~^(a) G T(U, CSx)- 
More generally, if / : —>■ is any etale morphism such that the pull-back of any log 
structure on Y of ghost type Y^ to X is of ghost type X^, we similarly get a map 
: CSy f^^CSx- 

We wish to describe in terms of the representation of Theorem 13.221 Let B be 
an integral affine manifold with singularities, 1^ a toric polyhedral decomposition, k an 
algebraically closed field, S = Speck. Let s G Z^{l!^, Qg^ ® Gm(S')) be open gluing data. 
We first return to the setup of Construction 12.131 with two maximal cells 0"i,cr2 G ^ 
and r = o"i n (72! and use all the notation of that construction. Thus we have open sets 
'^{'Ti) ^ ^(c"i) and an isomorphism 

In addition, we twist this isomorphism with automorphisms 

Si : V{n) V{Ti), 

where Si is induced by piecewise multiplicative maps Si : dQi \ {oo} Grn{k), Qi as in 
Construction 12.151 and we have 

^aia2(s) = S^^ O $^^^2 ° ■52- 

We wish to describe $0-10-2(5)"^ : ^aia2{s)*CSv{Ti) CSv(t2)- 

To state our description of this map, we introduce some notation, which will be gen- 
eralised in Definition 13.251 below. Assume we have chosen generators d^ of for each 
1-dimensional cell u of as in §1.5. 

For every vertex f of r, ?} is a top-dimensional cone in fj~^Sj, and Si\j,f^]\i^ : v f] Ni ^ 
Grn.{k) extends multiplicatively to a function 
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If C r is a one-dimensional cell, then s^" and s^'^ agree on lu, so that sf := /s^'" can 
be viewed as an element of cjH (g) Gm{k), so in particular we can write 

= d^(g)D(si,w) 

for some D(sj,a;) G Finally, a cell u C t induces closed strata of V{ai), with 

= Speck[ujnNi]. 

Then we have the following key calculation: 



Theorem 3.24. Let 

f = a 



I) .c. er{u,csvi.,))^r\u, o^A 

dimoj — 1 I 1^ I 

V '"-^ / 

\ dimu = l / 



for U C y(ri). Let f = (/^) = $0.^0-2(3) (/ ). T/ien /or eac/i uj of dimension one, 

(4) <^'....(^)7: = ^""^^^^2K)/^, 

where $0-10-2 (-s)* is just the ordinary pull-hack of functions and n,^ := n'^"'^ is as defined 
in §i.5. 

Proof. As in the proof of Theorem 13.221 we work in the Zariski topology. Let M' C Mi 
be the parallel transport of A,- into Mj = Aj^ for y G Int((Ti). Because this space is left 
invariant under monodromy, it is a canonically determined subspace of Mj. Because this 
subspace is canonically identified under any of the parallel transports if)^ considered in 
Const ruct ion 12 . 1 51 we don't distinguish between M' C Mi or M' C M2. We then think of 
the cone C'{t) = M>o({l} x r) C M © and C"(r)^ CR®N^, where A^' ^ Ni/{M')^, 
again independent of i. 

Put Q' = Cij-y n (Z © A^'), dQ' as usual, which is determined by the fan Si(fj) on 
N' ®M. (again independent of i) . Finally, we can choose splittings of Aj given by (3i or 5i 

This splitting is arbitrary, but the choice will prove irrelevant. Note that (M')-*- is canon- 
ically a subspace of Aj isomorphic to Z'^. In the following we therefore sometimes omit 7^ 
from the notation. The splittings induce isomorphisms 

= z'^©g' 

dQi = Z'^QdQ' 

We will use Pi, 7^, Si, for the maps induced by these splittings also. We also write ej for 
the composition 

P^^Q^^ Q'. 
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We use 5i : Q' dQi for 5i composed with the map Qi dQi given by p 



p pe dQi 

oo otherwise. 

We will first understand how log charts behave under pull-backs. Note V{Ti) = 
Spec k[dQi]. Suppose we are given a chart 

ai : Q' ^ k[dQi] 

of the form 

(5) = 

where hg is an invertible function on c\{z^'^^'^^ ^ 0} and hg-^ ■ hq^ = hg-^^g^ where defined. 
Recall the map $0-10-2 : ^(^2) Vi'Ti) is induced by </> : dQi dQ2 defined in Construc- 
tion We also denote by : k[dQi] — > k[dQ2] the induced map. 

We then pull back via $0-^0-2(3) the log structure by composing this chart with $010-2(5)*, 
i.e. set 0^2 to be the composition 

a, : Q'J^k[dQ,f^'-^'^'k[dQ2]. 

Thus 

«2(g) = $oio2(5)*(^'^^^^/^,) = si(5i(g))-i.2(</'(5i(g)))z^'"^(^)$oio2(5)*(^)- 
We can write 

(p(Si{q)) = 72/3205i(g) + 52e205i(g). 

By monodromy invariance of TV', it follows that e2o4'oSi : Q' dQ' is just the projection. 
Let 

X:= p20(f)o5i:Q' ^ {MY ^ dQ2. 

Then 

(6) «2(g) = [^^('^)$oio2(s)*(^)5i(^i(g))-'s2(0(5i(g)))]-/^^'') 

Now we need to understand how these charts correspond to sections of CSv(ai) over 
V{Ti) using the representation given in Theorem K122I If we are given a chart 

a,:Q'^ k[dQ^] 

with ai{q) = h}^z^'^'i\ let 

: ^ k[dQ.] 

be given by 

(p)^^' p is in a face of Pi containing fj 
otherwise. 



It is then easy to see that the charts a'i and Ui induce the same log structure on V{Ti). The 
chart a[ then coincides with a section /i* = (^*.(p))pe9QA{oo} sheaf jFj (corresponding 
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to the sheaf T in the language of Theorem K122j) . For G r a vertex, we let g\ ^ Mi® O^i 
be the multiplicative extension of the map v n N 3 p Ki{p)\v^ ^ ^v^- Then the map 



is given on by 



dim uj = l 



I . 



Now we are ready to compare the answers for ai and 0^2 given by formulae (0) and (jUj). 
by applying this, for 

hi = hg 

and 

for q G Q'. If V is any vertex of r we obtain, for p ^ v (1 Ni, 
and for p & v H N2, 

^2(0(5l(62(p)))) 

Here we are using the canonical identification of the quotients A^' of A^^i and to make 
sense of hl^^p)- We wish to compare gl and g^, so we will for the moment choose any 
vertex w of r, and use the map 

Then for p & v (1 N2, 

= i9iip)r' [^...M*i9iii^-'npm 



-X(<:2(p)). 



^l(5l(e2(p))) 



^2(0(5i(e2(p))))' 

where we used ei = e2(p)- This must be extended linearly to all of N2, which 
we do as follows. Recall that x = ^2 ° 4' ° ^1, and on i) (1 Ni, </> is linear, given by 
parallel transport tpl : Ni ^ N2. Furthermore, on w fl Ni, Si extends to give the group 
homomorphism 
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Thus for p & N2, we have 
9v{p) 



We now compare and d^'^^^{h) whenever u is an edge of r. Note that cu" C M', 

so we can view a;" equally as a subspace of Mi or M2, but to be precise, we use parallel 
transport ^/^"i : Mi M2 to make the identification; this is a convenient arbitrary choice. 
We then make the comparison using 



Vu, 



Then for p & N2, 



K®ew)(p) 



-/32 0'/'' + o<5loe2(p) 



The first factor is 



sf{5i{e2m \ ( si^it-M^^m)-' 

P2o{ip^ .-ip^ _ )o(5ioe2(p) 



and using 5i o ei{p) = p — 71 o for p E Ni and e2(p) = - we see that 

In this computation a term 71 o (3i{p) G M' cancels because ^/'*+ |m' = V^*- |a/'- In addition, 
the factor [32 is unnecessary, as (■?/'*+ o (V'"-)* ~ is already contained in (M')^. But 
in the notation of §1.5, (TJ^'^')* = o Now 



by the definition of n^. Thus the first factor is 
The second factor is 

<-'UJ f^UJ ^UJ ^UJ 

The last factor is similarly 
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Using 

(7) st = sf and = on D (M')^, 

the last factors cancel and this is 

Putting this together, 



K®ew)(p) 

Thus if = ilj{h) and in view of sf = duj ® D(sj, u) we see that 



'^0-10-2 ('^) /g; 

J UJ 



^ -Pi/ \"'2 {"'0. 



Note that since E (M') , 32"^ (ri;^) = S2{n^^). This formula is now completely indepen- 
dent of the choices of splitting. □ 

We are now ready to summarize the discussion of this section. First, we define the 
global versions of the data appearing in Theorem 13.241 

Definition 3.25. 1) Let B be an integral affine manifold with singularities and ^ a toric 
polyhedral decomposition, and suppose d^^ has been chosen as in §1.5 for each lj E 
dimu; = 1. If r G s G PM{t) (see Definition I2.24|) . h : v ^ t with v a vertex, we 
define s'* G A^, ® Gm{k) to be the germ of s G r(f, 7r*(Q^ ® Gm{k))) at the vertex Vh of 
f corresponding to h. 

2) If dimr > 1, and we are given morphisms e : u t, f : t ^ a with dimo; = 1, 
(J G <^^max, giving a diagram 




we can parallel transport s^'^ G ®Gm and G A^- ®Gm, to Ay^Gm with y G lnt{a) 
via / o /i+ and f o h~ . Then we define D(s, e, /) G Gm (or D(s, u, a) when e and / are 
understood) by 



O D(s, e, /) 



-.h+ 



□ 
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One should think of D(s, e, /) as monodromy information for the gluing data s. 

Remark 3.26. We emphasize the dependence of D(s, e, /) on / (or a). Given fi'.r^aiE 
<^^max, « = 1, 2, e : — * r, s e PM{t), we have an identification ip : A^^ ® Gm ® Cm 

for yi G Int (cTj) by parallel transport from yi to v~ along fioh~ and v~ to y2 along f2°h~ . 
Then under this identification, the parallel transport of s'^ G A^- (g) to A^,^ ® and 
Aj^2 ® Gm are identified by ip. However, if sf^ G A^. ® Gm is the parallel transport of 
s^^ G A^+ (g) Gm to Ay. (g) G-m along /j o then 

Thus 

If n G Ay2 is such that (n, do;) = 1, then {ip^{n), dj) = 1 also, and we see that 

The last equality follows from the fact that nfj-°'^'f'-^°'^ G A:^, and hence s'l{nfj°'^'f^°'^) is 
independent of h and i. 

This explains the asymmetry in the role of si and S2 in the gluing formulae (jH) above 
or (jHl) below. □ 

Now suppose we are given {B, ^) and s. How do we specify a section of CSxo{B,g^,s) 
over an open set U C Xq{B, We have for each a G .^3^max the projection p„ : 

y(cr) ^ Xq{B, s). So a section / G r(f/, >C5xo{B,£i^,s)) pulls back to sections 

Furthermore, for any component ^^^^ga of ^ (defined after Definition I2.12|) . Qi : r ^ Uj, 
we have 

on g2"'(f/) n V{t2) C \/(a2). 

Of course, by the sheaf gluing axiom, the converse is true: 

Theorem 3.27. Let B be an integral affine manifold with singularities with a toric poly- 
hedral decomposition ^ and open gluing data s over Speck. Choose d^'s as in §i.5. Let 
U C Xo{B, s) be an open subset. Then to give an element f G T{U, CSxQ{B,g^,s)), H is 
enough to give sections for each a G <?^max 

/.= (/.,e)— G T{p~\U),CSvi.)) 



X 



c np~\u),Oy^ 
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satisfying the following property: For every connected component ^^g^gj '^Z ^> 9i '■ t 
(Ti G i^max, (in-d for every h : uj ^ r with dimuj = 1 and Ci = h, we have 



(8) $.,..(^)*(/..,eJ = ^"""^ p|'^^'|^'^^| ^..K"-)/...e. 

on p-^{U)nV{T2). 



Proof. This is just a summary of the discussions, especially Theorem 13.241 above. 

Note that there is no need to define the sign vectors e,- from Definition 13.211 globally. 
The reason is that these are only used to define CSv(a) as a subsheaf of ©e-w^o-^vl' 
and this is independent of choices for the sign vectors. In fact, any e,- is well-defined 
up to an overall change of sign and this does not affect the defining equation © for 

It is also helpful to give a partial description of CSxo{B,g>,s) in terms of closed gluings. 

Theorem 3.28. Let B he an integral affine manifold with singularities, !^ a toric polyhe- 
dral decomposition, and s open gluing data. Choose d^j 's as in ^1.5. Then for each G ^ 
of dimension one, there is an O^^-torsor such that CS Xo{b,3^,s) is a suh sheaf of 







X 
UJ 1 



dimu=l 



where : X^^ Xo{B,J!^,s) are the maps of Lemma \2.2iA Furthermore, if Mu) is the 
line bundle on associated to (in particular is the sheaf of nowhere vanishing 
sections of Muj) then AC corresponds to the piecewise linear function tp^ on the fan S^^ in 
Qlu,r, well-defined up to linear functions, defined in E.em,ark \l.5(A 



Proof. It is easy to see that CSxo(B,g^,s) is a subsheaf of u^esp quj*Af^ , where Af^ is 

dim uj — l 

defined by the following gluing data for the open cover {Ve\e G Uo-G-^^max Hom(u;, a)}, with 
Ve ^ the open subset corresponding to the maximal cone of as usual. We glue 
(9,/ and (9,/ via the identification 

given by 

f^z-- -s'-f, 



where s' G Gm{k) depends on s. Since is toric, we can just as well assume s' = 1, 
i.e. take the trivial open gluing data and we will get an isomorphic O^^-torsor. Then the 
result that ip^^ determines AC follows from the standard recipe for obtaining a line bundle 
from a piecewise linear function (see [H7j, pg. 69, keeping in mind the sign convention of 
Remark OH). □ 
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Corollary 3.29. Let B be an integral affine manifold with singularities, with a toric 
polyhedral decomposition . If there exists a log smooth structure on Xq{B,^,s) for 
some open gluing data s, then the integral affine structure on Bq C B can be extended to 
B, so B in fact has no singularities. 

Proof. If there is a log smooth structure, then each of the torsors has sections, hence is 
a trivial torsor. Thus ip^^ is a linear function. By the definition of ip^)-, tQ^'^ is the difference 
of linear extensions of ipu) on different cones of S^, hence n^}'^'^ = for all ei,e2,uj, and 
hence by Proposition 11.271 the affine structure extends to B. □ 

In general, we now see that the existence of singularities on B implies there does not 
exist a global section of CSxo{b,.^>,s)- Therefore, to proceed, we have to allow the log 
smooth structure to break down. We shall study this in the next section. 

Example 3.30. If Xq{B, s) is normal crossings (i.e. every a e ^max is a standard 
simplex), then it follows from Example I3.23[ (1), that CSxo{b,.9',s) is an (9^-torsor, where 
D = Sing(Xo(-B, One can show [12], [221 ^^^^ '^Sxo{b,^,s) is the (9^-torsor asso- 

ciated to the line bundle £xt^{^l]^^^^ ^ g^,Oxo{B,^,s)), the local T^-sheaf. There exists a 
log smooth structure on Xq{B, s) if and only if this is the trivial line bundle. In any 
normal crossings case, q^CSxa{B,.^,s) is the C]^^-torsor determined by Theorem 13 . 281 using 
monodromy data near u. Explicitly, in dimension two, if a; G is an edge containing a 



so that n > if and only if the singularity is positive in the sense of Definition II. 54|) then 
A/L = Cpi(n). Even if AC = Cpi for a\\ u E 0^ of dimension one, CSxq{b,&',s) may be 
non-trivial thanks to non-trivial open gluing data. 

In the example given in the introduction, n = 4 for each edge. Let carry the pull- 



smooth precisely at the 24 = 4 x 6 points where the total space X is singular, as the log 
structure is not even fine at these points f Example 13. 6|) . These 24 points are the zeros of 
a section of the local sheaf of Xq. 



We are now ready to study the fundamental objects of interest in our program. These 
will be certain degenerations of Calabi-Yau manifolds whose central fibres are of the form 
Xo(i?, s). In addition, these fibres come along with natural log structures of the form 
studied in the previous section. 

We gave a definition of toric degeneration in JH], Section 1; the one given here is slightly 
more general. From now on, we will always work over an algebraically closed field k. The 



singular point of the affine structure with monodromy 




back of the divisorial log structure Xq C X. Then the map X^ 



Spec fc^ fails to be log 



4. TORIC DEGENERATIONS 
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algebraically closed hypothesis could be removed from this section at the expense of a bit 
of additional complexity, but it's vital in the proof of Theorem 15.21 

Definition 4.1. Let i? be a discrete valuation ring with residue class field k. A toric 
degeneration of Calabi-Yau varieties over R is a proper normal algebraic space X fiat 
over S := Speci? satisfying the following properties: 

(1) The generic fibre is an irreducible normal variety over rj. 

(2) li u : ^ is the normalization, then is a disjoint union of toric varieties, the 
conductor scheme C C A'o is reduced and the map C ^{C) is unramified and generically 
two-to-one. The square 

C . X, 



v{C) 



is cartesian and cocartesian. 

(3) Xq is Gorenstein, and the conductor locus C restricted to each irreducible component 
of Xq is the union of all toric Weil divisors. (By the discussion before Theorem I2.39t this 
a substitute for the statement v*uJxo — ^Xq-) 

(4) There exists a closed subset Z C X of relative codimension > 2 such that Z satisfies 
the following properties: Z does not contain the image under u of any toric stratum of 
Xq, and for any geometric point x X \ Z , there is an etale neighbourhood Ux X \ Z 
of X, an affine toric variety Y^, a regular function on given by a monomial, a choice 
of uniformizing parameter of R giving a map k[N] — > R, and a commutative diagram 



Y, 



such that the induced map 
on each toric divisor of Y~.. 



Speci? — > Specfc[N] 
Spec Rx Speck 



Yx is smooth. Furthermore, fx vanishes 

□ 



Geometrically (2) and (3) say that the central fibre is obtained from a disjoint union of 
toric varieties by identifying pairs of irreducible toric Weil divisors. Glued Weil divisors 
may lie on the same toric variety, but it is not permitted to glue an irreducible toric Weil 
divisor to itself (no pinch points). The restriction of z/ to a toric stratum in Xq is finite 
and generically injective, hence the normalization of its image. We refer to these images 
in Xq also as toric strata. 

Example 4.2. 1) A straightforward source of toric degenerations are degenerations of 
hypersurfaces in toric varieties. As in Example I1.18| let S be a reflexive polytope with 
G S the unique interior point, and let S* C be the Batyrev dual of S (Example II. 53p . 
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Let (Ph*, C^Pg* (1)) be the projective toric variety with Newton polytope S*. Define a 
family X C P=, x S with S = Spec k[t](^t) by the equation 

+ ajz" = 0; 

here z"- run over a basis of sections of (!?p„, (1). The coefficients an & k are chosen to be 
general. The section z'^ vanishes precisely once on each toric divisor, so = dF^* ■ It is 
then easy to check X ^ S is a toric degeneration. 

We will discuss in Example 14.291 below how exactly this toric degeneration relates to 
the toric polyhedral decomposition of dS introduced in Example 11.231 (2). 
2) Here is an example due to Aspinwall and Morrison Take a family y C x S, 
S = Spec /c[t](t), given by the equation 

t{z^ H 1- 4) + Z0Z1Z2Z3Z4: = 0. 

We then divide y by the group action of Z5 x Z5, with generators acting by (^o, ■ ■ ■ , Z4) 1— > 
{zo,^zi, . . . , ^^2:4) and {zq, . . . , 2:4) h-s- (2:1, . . . , 2:4, ^o). Here ^ is a primitive fifth root of 
unity. Set X = y /Z^ x Z^; then X ^ S is a toric degeneration. 

This example will turn out to be related to the affine manifold from Example 11.191 □ 

For us, the key structure of a toric degeneration is the central fibre, Xq, along with 
the log structure on Xq obtained by pulling back the log structure on X induced by the 
inclusion Xq ^ X a.s in Example 13.21 Thus we can define the logarithmic analogue of a 
Calabi-Yau variety as follows. 

Definition 4.3. A toric log Calabi-Yau space is a proper reduced logarithmic space 
along with a morphism of log spaces — Spec fc^ to the standard log point with the 
following properties: 

(1) If 1/ : X — > X is the normalization, then X is a disjoint union of toric varieties, the 
conductor scheme C C X is reduced and the map C —>■ i^(C) is generically two-to-one 
and unramified. The square formed by C, i^(C), X and X is cartesian and cocartesian. 

(2) X is Gorenstein, and the conductor locus C restricted to each irreducible component 
of X is the union of all toric Weil divisors. (As before, this a substitute for the statement 
u*ux = O^.) 

(3) There exists a closed subset Z C Sing(X) of relative codimension > 2 and not contain- 
ing any toric stratum (called the log-singular set), such that X"^ \ Z is a fine log scheme 
and X"!" \ Z ^ Spec /c^ is log smooth. Furthermore A4x\z is a sheaf of toric monoids, and 
if p e T{X,Aix) is the image of 1 G N under the structure map of Spec/c^, then 
the function z^ vanishes precisely once along each toric Weil divisor of Spec k[A4x,x] for 
every geometric point x X \ Z . 
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We say X| — Spec A;^ and X| Spec k'' are isomorphic toric log Calabi-Yau spaces if 
there is an isomorphism : Xi ^ X2 of algebraic spaces over k lifting to an isomorphism 
of log spaces \ Z Xl \ f{Z) over Spec k\ for some log-singular set Z for Xj. □ 

Remark 4.4. The spaces Xo{B, s) look like underlying spaces of a toric log Calabi-Yau 
space. The main difficulty is to place a log structure on these spaces. This will be done 
in §5.1 under the additional hypothesis of {B, 0^) being simple. 

Remark 4.5. We never make use of the log structure over Z, and in fact all relevant infor- 
mation is contained completely in the complement of any Z with the stated properties. 
This is due to the fact that there is a canonical extension of the log structure on X\Z to 
X that retrieves the original log structure at all log-smooth points: Let j : X\Z ^ Xhe 
the inclusion. Since X is Gorenstein and Z is of codimension > 2, j^Ox\z = Ox- Thus 
the log structure on X\Z extends uniquely to a log structure on X with monoid sheaf 
i*M.x\z- If Z does not contain any toric stratum the canonical map ^Ax j*-Mx\z 
induces an isomorphism of ghost sheaves wherever A^x is fine, hence an isomorphism of 
log structures. 

A canonical, minimal choice for Z is the closed subspace where {X, j^M.x\z) Spec k^ 
is not a log smooth morphism of fine log spaces. □ 

Proposition 4.6. If X ^ Spec R is a toric degeneration, let X'^ and Spec i?^ be the log 

structures induced by the inclusions X = Xq C X and Spec k C Spec R as in Example 
IJ.M Let XT be the induced log structure on X . Then the induced morphism Spec k"^ 

gives X"^ the structure of a toric log Calabi-Yau space. 

Proof. Clearly X satisfies conditions (1) and (2) of Definition 14. 3| as these are (2) and (3) 
of Definition 14.11 Note that we obtain a morphism of log spaces X"^ Spec i?^ induced 
by pull-back of functions, a.s J^x and A^spocJ? are contained in the structure sheaves of 
X and Speci? respectively. This morphism then restricts to a morphism of log spaces 
Xt ^ Spec fct. 

Now if P is a toric monoid, the log structure on Spec/c[P] induced by the chart P 
k[P] coincides with the log structure induced by the inclusion 9 Spec A; [P] ^ Spec/i;[P], 
where by (9 Spec A; [P] we mean the union of all toric divisors of Spec A; [P]. On the other 
hand, in (4) of Definition 14.11 because fx vanishes to order 1 on each toric divisor of Y^, 
/^^(O) = dY^. Thus if Y^ = Spec A; [P^], the induced map P^ Ou- gives a chart for the 
log structure on Ux induced from X^ . Thus we see that condition (4) of Definition 14.11 
implies X'^ \ Z ^ Spec P^ is log smooth, and hence by restriction X''" \ Z is also log 
smooth. □ 

Remark 4.7. In the quartic example of the introduction, the minimal singular set Z 
coincides with the singular locus of the total space of Af, but this is not true more generally. 
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as X may have toric singularities. However, the singular set Z is the set of points where 
these singularities are somehow "worse." 

We will never be interested in the log structure at the points of Z itself, hence the 
definition of isomorphism of log Calabi-Yau spaces is independent of the log structure 
along Z. □ 

Toric strata also have a characterization in terms of the ghost sheaf. 

Lemma 4.8. Let X be a toric log Calabi-Yau space. A geometric point x ^ X \ Z is the 
geometric generic point of a toric stratum of X if and only z/rank(7W^^) = dimOx,x + l- 

Proof. Log smoothness gives a smooth map n : U ^ V := Speck[A4x,x]/{z'^^) from an 
etale neighbourhood U of x. Since V is a. subscheme inside a toric variety it also comes 
with a notion of toric strata, which are the intersections of the irreducible components of 
V. Define toric strata of U as the components of preimages of toric strata under U ^ V. 
Now by condition (2) of Definition 14. etale locally toric strata of X are also precisely the 
intersections of irreducible components of X. Therefore, toric strata in U map to toric 
strata in X and it suffices to prove the statement for U instead of X. 

Since A4x,x has no non-trivial invertibles there is a distinguished closed point & V, 
the zero- dimensional toric stratum. Let r] G 7r~^(0) be the generic point of the connected 
component of 7r^^(0) containing x. Then Aix,x = M.x,f)i and the connected component of 
7r^^(0) containing x is the minimal toric stratum of U containing x. Thus x is the generic 
point of a toric stratum if and only if x = f/. By the dimension formula for smooth 
morphisms this is the case if and only if (lim.Ox,x = dim{V). The proof is finished by 
noting dim(y) = rank(A^^^^) — 1. □ 

4.1. The dual intersection complex. Given a toric log Calabi-Yau space xK we now 
reverse the gluing procedures described earlier in this paper in order to construct an affine 
manifold with singularities. We begin by defining a category analogous to Cat(^), which 
we call Cat jX). Write X = with u : X ^ X the normalization. The objects of 

Cat(X) are the strata of X, i.e. the set 

Strata(X) := {u{S)\S is a toric stratum of Xj for some i}. 

If Si, S2 are two strata of X, we put Hom(S'i, S2) = if 5*1 2 'S'2, Hom(S'i, 5*2) = {id} if 
5*1 = S'2. If 5*1 D S'2, let ui : Si ^ Si be the normalization of 5*1, so S'l is a toric variety. 
Then 

Hom(5'i, 5*2) = {5'2|S'2 is a toric stratum of Si with i'i{S2) = 5*2}. 

If we have a chain Si D S2 S3, an element of Hom(S'i, S'2) is a stratum S'2 of Si mapping 
to S2; identifying S2 with the normalization of S2, an element of Hom(S2,S3) can then 
be identified also as a substratum of Si, and this defines composition of morphisms. 
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Next let LPoly be the category of lattice polytopes, a subcategory of the category of 
topological spaces, with the objects being polytopes with integral vertices and morphisms 
Hom((Ji, (T2) being integral affine identifications of ai as a face of a2- 

We can then define a functor 

LP : Cat (X) ^ LPoly 

as follows. If S" G Strata(X), with generic point 77, then the stalk Mx,fi is a monoid with 
a distinguished element p specified by the morphism Spec A;^: p is the germ of the 

image of 1 G N in Aix,f}- We define LP{S) to be the convex hull of 

{if eRom(Mx,fj,m^ip) = ^} 

inside the affine space 

{^eHom(Alx,^^,M)|(/.(p) = l}. 

Lemma 4.9. If S E Strata(X), then LP{S) is a non-empty lattice polytope. 

Proof. Let P = M.x,fj for 77 the generic point of S, with p E P given by the morphism 
—* Spec/c^. Then as P is a toric monoid, the toric variety Spec/i;[P] is given by a 
cone K C Hom(P, M), the convex hull of Hom(P, N). The condition that p should be 1 
on each irreducible component of X implies that G k[P] vanishes to order 1 on each 
toric divisor of Spec A; [P]. But this is saying p evaluates to 1 on the primitive integral 
generators of the extremal rays of K. Thus LP{S) is just the convex hull of these integral 
generators, and hence is a (non-empty) lattice polytope. □ 

Now suppose we are given strata Si D S2, and an element of Hom(S'i, 5*2), i.e. strata 
5*1 D 5*2, where ui : Si ^ Si is the normalization. We need to define a morphism 
LP{Si) LP{S2)- This is done as follows. If ?7i,?72 are the generic points of Si, S2 
respectively, there is a well-defined cospecialization map 

Note the identifications on the left and right are canonical, but the map depends on which 
stratum 52 C Si dominating S2 we have chosen. It is easy to see that such a map is a 
surjection and dually we obtain a map 

Hom(ATx,f^i,N) ^ Hom(AYx,f?2,N) 

which identifies the first monoid as a face of the second. In particular, we then obtain a 
map LP{Si) LP{S2) identifying the first polytope as a face of the second. It is clear 
this construction is compatible with composition of morphisms in Strata(X). 

We can now construct the dual intersection complex P of X as a union of polyhedra, 
explicitly lim LP in the category of topological spaces. 

Proposition 4.10. If dim. X = n, then B is an n- dimensional manifold. 
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We will first need the following Lemma. 

Lemma 4.11. Let Xi and X2 he two affine toric varieties over k, defined by strictly 
convex cones cri,0"2 C Mjj, with dimo"! = dim(T2 = dimMjg. Let Xj G Xi be the zero- 
dimensional torus orbit. Suppose Xi and X2 are etale locally isomorphic at Xi, i.e. there 
is an isomorphism of strictly Henselian local k-algebras ip : Oxi,xi ~^ Ox2,x2- Suppose 
further that this isomorphism preserves toric strata, i.e. it takes the ideal of a toric 
stratum in Oxi,xi to the ideal of a toric stratum in Ox2,x2- Then there exists an element 
(f : M ^ M of GLn{1^) such that </?(cri) = (J2, o-nd which is combinatorially compatible 
with ip, i.e. if ip identifies the ideals of two toric strata, then ip identifies the corresponding 
cones. 

Proof. Let Pj = H N be the monoid defining X^. Then if X] is the log structure 
induced by the inclusion dXi C Xj, then M.Xi,xi — Pi- It is then clear that the 
isomorphism ip induces an isomorphism A^X2,x2~~^-^Xi,iu and then an isomorphism 
M ^ Hom(Pi, Z) ^ M ^ Hom(P2, Z) taking ai C Mr to ^2 C Mr as desired. □ 

Proof of Proposition \^~TI\ The vertices of B correspond to irreducible components of X. 
It is clearly enough to show B is an n-dimensional manifold in a neighbourhood of each 
vertex, since B behaves uniformly along each face. 

Focusing on one vertex v of P, there is a corresponding toric variety X^. Now for any 
zero-dimensional stratum x G X^, there is a monoid M.x,v{x) ='■ Px- Lemma 14.81 shows 
dim/c[Ps]/(z^^) = n. Let be the convex hull of Hom(P^,N) in Hom(Pj;.,M); this is 
the cone defining the toric variety SpecA;[Px.]. It is then clear that Hom(Ps,M) = M""*"^ 
and Kx is an n + 1-dimensional cone, by the previous observations. Thus LP{v{x)) is in 
particular an n-dimensional lattice polytope. 

If T] is the generic point of u{X^), then the cospeciahzation map induced by x — X^, 
■M.x,u{x) ■M.x,fi, is dual to the inclusion of some extremal ray C K^. The tangent 
wedge of LPi^uix)) at the vertex p is just the cone Ks{Rx) = {K^ + MPx)/IRPs, and by 
Lemma 14.111 this cone is the same as the cone corresponding to the stratum x G X^ in 
the fan Ex„ defining X^, up to integral linear transformations. It is then easy to see that 
all the cones Kx{Rx) fit together to give, at least topologically, the fan as {x} runs 
over all zero-dimensional strata of X^. But this is the local picture of B at f, so P is a 
manifold in a neighbourhood oi v. □ 

We can now describe an integral affine structure with singularities on P with a poly- 
hedral decomposition 1^. Here 



^ = {image of LP{S) in B = \im LP\S e Strata(X)}. 
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By Construction II . 2^1 it is enough to give a fan structure at each vertex of compatible 
with the polyhedral decomposition. But we have already done this in the proof of Propo- 
sition 14.101 There is a combinatorial identification of <^ in a neighbourhood of a vertex 
V with the fan This gives the fan structure. 

Thus we have obtained an integral affine manifold B with singularities along the dis- 
criminant locus A' given in Construction II. 2U1 We now observe: 

Proposition 4.12. is a toric polyhedral decomposition of B. 

Proof. The only thing to check is that ^ is toric, since it is a polyhedral decomposition 
by construction. We will show this by applying Proposition 11.321 

To do this, let T & correspond to some stratum S, which is the image of toric strata 
Si C Xy^, . . . , Sm ^ ^vm^ where Vi, . . . ,Vm are the (possibly non-distinct) vertices of r. 
Then yields canonical isomorphisms between the Si which preserve the toric strata of 
the Si] thus these isomorphisms are equivariant under the torus action on So 
the fans determining 5*1, ... , Sm can be identified. Specifically, if 11^,. defines X^., living 
naturally in Ak^^,., and r^,^ G S^,. is the cone corresponding to Si, then the fan for Si is 
E„^(r^,J, living naturally in Ak,„7^t,r- 

Then parallel translation from f , to Vj along some path identifies 

^R,v,/K,R and A^^^JAr,R 

in such a way that the fans S„^(r„J and E^,^. (r„^,) are identified. There is a unique such 
identification, and hence this is independent of the path chosen. Thus it follows, for any 
loop 7 based at y G Int(r) \ A' in a sufficiently small neighbourhood Ur of Int(r), that 
p(7) acts trivially on A^^y/A^^u, i-e. 

(p(7) -/)(AmJ C A,,k 
as desired. □ 

Definition 4.13. If is a toric log Calabi-Yau space, then the integral affine manifold 
with singularities B along with the polyhedral decomposition constructed above is the 
dual intersection complex of XK 

Theorem 4.14. Let X"^ be a toric log Calabi-Yau space, and let (B,^) be the dual 
intersection complex. Then there exist open gluing data s for ^ over k such that 

X = Xo{B,^,s). 

Proof. Let X^ be as usual for r G Then by construction, there is an isomorphism 
ipr '■ Xr — > Sr, where Sr is the normalization of the stratum of X corresponding to r. 
Furthermore, this isomorphism can be chosen to identify the toric strata of X^ with the 
strata of Sr- Then ifj^- is well-defined up to the action of Qr ® Gm(A;) on X^-. Fix such 
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choices. In particular, for every e : r — o", we then obtain Sg G Qa ® Gm(^) such that the 
diagram 

F{e)o-s, [ 

\r '4>T Q 

yS-r ' Or 

commutes. Then s = (sg) forms closed gluing data, and hmFspocfc,i = X. Indeed, there 
is a canonical map limFspccfc,s X induced by the system of composed morphisms 
Since lim -Fspec k,s glues together the components Xy for v a vertex in ^ 
in a normal crossings way in codimension one, we must have limFspecfc,s — ^ X being an 
isomorphism in codimension one. On the other hand, as X is assumed to be Gorenstein, 
and in particular 5*2, in fact this is an isomorphism everywhere by jlHI, Proposition 2.2. 
We then have to show this gluing arises via open gluing data. 

First, we show X has an etale open cover by sets of the form V{a) for a G <^max- Fix 
0" G ^max, and let x ^ X be the corresponding zero-dimensional stratum. Then we have 
a chart 

giving the log structure at x. Now for each e G JJrsfsa Hom(r, a), we have an affine open 
set Ve of Xj. corresponding to the cone Kj. in S^-, and V{(t) = limV^ with respect to the 
canonical directed system Fcr{f) : over all commutative diagrams 



n — > T2 



(9) 



62 
(7 

On the other hand, let V'{a) be the limit with respect to the system 

given by F^{s){f) = F^{f) o Sf. Using the universal property of colimits it is straightfor- 
ward to show that the canonical map V'{a) ^ X is etale. It thus remains to produce an 
isomorphism of V{(j) and V'{a). 

To do so, note that Ve = SpecA;[Pe], where Pg is the face of corresponding to e. 
Thus by composing the chart — > Ox,x with the map Ox^x ^Ve,x induced by the 
composition ^'(c") X^ we obtain a map of monoids 0g : Pg — Oy^^^ of the form 

(/)g(p) = hpZ^ for hp G Oy^^\ in particular, p i— /ip is a map of monoids Pg — >• Oy^^. 
Composing this map with the residue map 



we get maps 

<^g : Pg ^ fc[Pg] 



X 
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given by 



P 



{hp mod 1 + rrij 



This is still a map of monoids; what we are doing is removing the "non-constant" part 
of the log structure. Furthermore, given / as in (jU)), we necessarily have a commutative 
diagram 



o 



Vej ,X 



62 J 



hence a commutative diagram 



62 J 



and hence an isomorphism of directed systems inducing an isomorphism : V'{a) V{(t), 
as desired. 

Now let U = Y\.a£9> ^{^)- Then we obtain an etale open cover : U —>■ X which is 
the composition of and the natural map V'{a) — > X on each V{a). We have an etale 
equivalence relation yi = U Xx U C U x U. 

To obtain the open gluing data from this, choose for each u E ^ a. morphism e^j : w ^ 
a, for some a G e^^max- Set = 1. If e : u; — a' is any other morphism with a' G ^max, 
we obtain canonically V{uj) C V{a) and V{uj) C V{a'), with a canonical identification 
given by $e^, as in SectionEl Then d\n{{V{uj) C V{a')) x {V{uj) C V{a)) C V{a') x V{a) 
can be viewed as the graph of a morphism, and by restricting to irreducible components 
it is easy to see this morphism is necessarily of the form $e^e ° Se for some Se G PM{uj). 
This defines Sg whenever e is a morphism to a maximal facet. Then given a diagram 0, 
we define 



■^62 In ' "^61 • 



We need to check this is well-defined. Given 




it follows by transitivity of 9^ that 

((F(ri) C V{ai)) X {V{ti) C Via^))) 
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is the graph of s^^ o $(,^ei o while 

9^ n ((V(r2) C V{a{)) X {V{t^) C ^(^2))) 

is the graph of o^g,^e2 °Se2- These graphs agree on iyiji) C V{ai)) x iyiji) C V(a2)), 
and hence 

proving well-definedness. Then (sg) forms open gluing data, and by construction it is 
clear that X ^ Xq{B, ^, s). □ 

Corollary 4.15. Let X'^ he a toric log Calahi-Yau space with dual intersection complex 
{B, X = Xo{B, s) for some open gluing data s, and let Z (1 X be the singular set. 
If Xq{B, <^^, s)^ denotes the ghost structure on Xq{B, s) of Example \3.11\ then X'^ is 
of ghost type Xq{B, s)^ on X\Z , and thus the log smooth structure on X\Z is induced 
by a section f G r{X \ Z, CSxo{b,^,s)) ■ Conversely, given an integral affine manifold B 
with toric polyhedral decomposition , s open gluing data, and if Z C Xo{B,^,s) is 
a closed subset of codimension > 2 not containing any toric stratum, then any section 
f G r(Xo(-B, \ Z, CSxo{B,.^,s)) induces a toric log Calabi-Yau space structure on 

Xo(5,^,s). 

Proof. By log smoothness the type of log structure of X'^ along a toric stratum minus 
lower-dimensional strata is constant and may hence be read off at the generic point of 
the stratum. Thus the statement follows from the construction of the dual intersection 
complex, Example 13.171 and Proposition 13.201 We note for the second part that / G 
V[Xq{B, s) \ Z, CSxo{B,^?>,s)) defines a log smooth structure on Xq{B, s) \ Z, which 
is all we need by Remark 14.51 □ 

4.2. Polarized log Calabi-Yau spaces and the intersection complex. Let be 

a toric log Calabi-Yau space with a line bundle C Then the dual intersection complex 
(5, 0^) carries a multi-valued piecewise linear function constructed as follows. For every 
a G we have the map : X^j — > X. Pulling back C to X^j gives a line bundle on 
the toric variety X^-, and hence an integral piecewise linear function on the fan Eq-, well- 
defined up to linear functions. Recall that if mi, . . . , are primitive integral generators 
of the rays of S^-, with corresponding toric divisors -Di, . . . , -Dp, then the toric divisor 
^ ttiDi corresponds to a piecewise linear function y^o- on So- with (p„{mi) = ai. By pulling 
this function back to B via Sa- of Definition 11.22^ (5), one obtains piecewise linear 

functions on the open covering {Ufj\(y G 0^} of B. It is easy to see these functions differ 
only by linear functions on intersections, and thus we obtain a multi-valued piecewise 
linear function ipc with integral slopes. If C is ample, then it follows from the standard 
characterization of ample line bundles on toric varieties (IHZl, Corollary 2.15) that ipc is 
strictly convex. 
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Definition 4.16. If C is ample, we call {X\C) a polarized toric log Calabi-Yau space, 
and we call the triple 

degeneration data associated to (X^, C). If (5, (pc) is the discrete Legendre transform 
of {B,^,ipc), then we call B,^ the intersection complex of the polarized toric log 
Calabi-Yau space (X^,£). □ 

See pn]; Section 4, for additional discussion of the intersection complex. 

4.3. Positive log structures. As we know from Corollary 13. 291 it is rare that there is no 
singular set Z C However, we need to provide some control over these singularities. 
The following is a useful restriction. 

Definition 4.17. Let be a toric log Calabi-Yau space with singular set Z, with 
X = Xq{B, s). Then the log smooth structure X'^\Z — > Spec /c^ is induced by a section 
/ G T{Xq{B, s) \ Z, CSxo{B,^,s))- We say that X^ is positive if the corresponding 
sections G T{X^ \ (Z) , Af^) (see Theorem I3.28|) for dim a; = 1 extend to sections of 
Afuj on X^, i.e. if they have zeros but no poles. 

Remark 4.18. It is easy to see that this notion of positivity is independent of the choice 
of orientation of edges of □ 

Proposition 4.19. Let [B, ^) be positive, and let AC be the line bundle on X^^ for 
dimu; = 1 given by Theorem VJ. 281 Then M^i is generated by global sections. In particular, 
it has a section whose zero-locus does not contain a toric stratum of X^. Conversely, if 
X^ is positive, then its dual intersection complex {B, ^) is positive. 

Proof. By Theorem l3.28l A/x^ corresponds to the piecewise linear function of Remark ll.561 
If {B, ^) is positive, then is convex and hence by [HZ], Corollary 2.15, A/x„ is gener- 
ated by global sections. Conversely, if X'^ is positive, there exist sections f^ G T{X^,J\f^) 
vanishing only on q~^{Z), hence they do not vanish on any toric stratum by the assump- 
tions on Z. Since the base locus of a complete toric linear system is a union of toric 
strata, AC is globally generated, hence ip^^ is convex, and {B, ^) is positive. □ 

Proposition 4.20. Let f : X ^ S be a toric degeneration. Then Xq is positive. 

Proof. Let {B, 0^) be the dual intersection complex, and a; G a one-dimensional face, 
corresponding to a stratum S^) of dimension n — 1. It suffices to check the absence of 
poles of f^^ G r(g^^AO in codimension one on 5^;. Without loss of generality, we can 
view = Z = M' C M with C M an interval with endpoints and / > 0. Choose 
= 1. Then Q' := C'{ujy n (X' © Z) is generated by pi = (1,0), p2 = (-1,/) and 
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p = (0, 1), with relation pi +p2 = Ip. Abstractly, V{uj) = (Spec /c[m, x GJ^ and 

the log structure on V{uj) \ Z is of the same type as that given by the chart 

Pi u, P2 ^ V , p 0. 

If on some open subset U of V{u!), we have a chart given by 

Pi Ku,p2 ^ Kv, p^-*0 

with hu, hy invertible functions as usual, then by the construction of the map ^ in the 
proof of Theorem 13.221 the corresponding section of CSv{ui) = ^v{uj) ihuhy)~^. For 
the log structure induced by the embedding Xq d X it can be computed as follows. Let 
"U, "U G Ox,x be extensions of m, v at some geometric point x in the codimension one stratum 
of V{uj) \ Z. Then uv restricts to zero on the central fibre and hence uv = ■ h for t a 
generator of the maximal ideal of T{Os) and h G ^. The exponent of t is / because 
■M.x,x — Q' ■ We may then put hu = 1, K = h~^\xo- Thus is represented by h\xo. 

Now let y be a geometric point of V{u!) fl Z and u,v E Ox,y as before. By what we 
just said divides uv in codimension one and hence everywhere since X is normal. The 
quotient h := uv /t^ E Ox,y is the desired regular extension of over y. □ 

Definition 4.21. For a C a lattice polytope, we denote by i^S^^^y^^^-^ the sheaf 

uj C tr 
dim liJ — 1 

where K; '■= Kj^o- denotes the codimension one stratum of V{(t) corresponding to uj. For 
(5, and open gluing data s, X = Xq{B, ^,s), we denote by CSpj.^ x the sheaf on 
X obtained by gluing the sheaves CS^^^ .r,. for a G ^max using the gluing formula of 

pre, V \u ) 

Theorem I3.27[ so that in particular CSx is a subsheaf (of sets) of CSpj.g x- ^ 

Note that to specify a positive log Calabi-Yau structure on X = Xq{B, s), we need 
to give a section / G T{X,CSpj.^ x) satisfying: (1) / satisfies the multiplicative conditions 
given in Theorem 13.221 and (2) the components of / on codimension one strata have no 
zero sets containing any toric stratum. Now CS^^^ is a coherent sheaf on X, so if 
B is compact, CS^^^x has a finite dimensional space of sections. Then condition (2) 
determines some open subset of this space of sections, while the multiplicative condition 
(1) is a more subtle, closed condition. This allows us to identify the moduli space of 
positive log Calabi-Yau structures on X as a subvariety of an affine space. We shall 
examine this more closely in the next section. 

Remark 4.22. We can now determine the discriminant locus of a dual intersection complex 
B more precisely in the positive case. Initially, we take A' C i? as in Construction II .2B1 
to be the union of all simplices of Bar(<^3^) not containing a vertex of or the barycenter 
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of a maximal cell. Using Proposition ll.27| we can identify a smaller discriminant locus 
A C A' as follows if X"^ is positive and the singular set Z C X is taken to be minimal. 

For any cr G Bar(^), a C A', dim a = n — 2, there exist unique (Ti,(T„_i G ^ 
with dimcTj = i and a containing the barycenters of di and cr„_i. In addition, there 
exists a unique morphism Co- : o"i — > (T„_i corresponding to the edge of a joining these 
two barycenters. Furthermore, there exist only two distinct morphisms fi : o"n-i Tj, 
i = 1,2, with Ti G ^max- Let = o e^. 

The monodromy around a is now given by T^i^^ §1.5^ and hence is trivial if and only 
if n^f 2 = 0. 

On the other hand, consider the embedding -F(eo-) : = X^^. Then by 

Theorem 13 . 2 81 and |37j . Corollary 2.15, the line bundle -F(eo-)*(A/x^^) is trivial if and only if 
rfj^'^ = 0, in which case the affine structure on B will extend across a by Proposition ll.27[ 
Now the positive log Calabi-Yau structure on X determines a section /o-^ G r(Xa-i,A/x^J 
which does not vanish on an entire toric stratum of X^^. Thus F{ea)*{Nx„^) — Ox„^_^ if 
and only if /o-^ does not vanish at any point of F{ea){X„^_-^). However, the zero locus of 
/ai is 

d{q~l{Z)\dX,,)<ZX,,. 
Thus we see that A is the union of all a G Bar(<^^), a C A', codimo" = 2 satisfying 

cl(g-i(Z) \ dX,,) n F(e.)(X.„_J ^ 0. 

This gives the precise relationship between A and Z. □ 

4.4. Normalized gluing data and examples. We saw in Proposition 12.321 that if s 
and s' differ by an element of B^{^, ® <Gm{k)), then Xq{B, ^, s) ^ Xq{B, ^, s'). 
We would now like to use open gluing data to parametrize log structures as well as the 
underlying schemes, so that we can determine explicitly the moduli space of toric log 
Calabi-Yau spaces with a given dual intersection complex [B, 0^). 
We begin with the following definition: 

Definition 4.23. Let a C Mjr be an n- dimensional integral polytope. Let x G V{(t) be 
the unique zero-dimensional torus orbit. A section / of CSv{a) (or ^^S^T-cvicj)) defined in 
a neighbourhood of x is said to be normalized if, viewing 

dim LJ — 1 

as in Theorem 13.221 /^^ takes the value 1 at x for each C a, dimcj = 1. □ 

Note that this condition can be rephrased in terms of a chart for the log structure near 
the point x. Given X = V{a) a scheme with the etale topology, and a chart 

a: P„ ^ Ox,x 
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of the form p i— > hpZ^ as usual, with hp a germ of an invertible function at x G = 
cl {z^ ^ 0}, we obtain a map 

given by p (-^ hp/vcix. 

This map is piecewise multiphcative, and it is not difficult to see that the corresponding 
section / of CSv{ct) is normalized if and only if this map is in fact multiplicative on A^. 
In particular, even if / is not normalized, induces an automorphism of V{(t) via 
I— >■ (j){p)zP, and it is then clear that the pull-back of the chart a by yields a section 
of CSv{a) in a neighbourhood of x G V{a) which is normalized. 

Definition 4.24. Let s be open gluing data for (5, ^), with canonical projection maps 
Pa- : V{(r) Xq{B,^,s) for each cr G ^max- Then a section / G T{X, CSpj.^ x) is 
normalized if p~^{f) is a normahzed section of £iSpj.p^ for all a G ^max- If in fact / 
determines a log Calabi-Yau structure on X, i.e. / G T{X \ Z, CSx) for some singular 
set Z C X not containing any toric stratum of X, and in addition / is normalized, then 
we say is normalized by the open gluing data s. 

By the above discussion, there is always some open gluing data with respect to which a 
toric log Calabi-Yau space X"^ is normalized. Conversely we have the following criterion. 

Proposition 4.25. Let {B, ^) be positive, and let s G Z^{^, Q,^ ® Gm) be open gluing 
data, X = Xq{B, s). Then there exists a normalized section f G T{X, CS^^^ x) ^/ ^'^'^ 
only if the following condition holds: 

Condition (LC): Let u & ^ be a one- dimensional cell, (Ti,cr2 ^ <^max; t G ^ with a 
diagram 



(10) 




Then ifT^^'^'^ = we must have D(sgj, cu, ai) = Y){sg,^,uj,a2) ■ 

Proof. Suppose there exists a normalized / G V {X , CS'^^^ x) ■ This is induced by sections 
f„ = p~^{f) G T{V{a), CS'^^^ y^^^), a G <^max, which glue as given in Theorem EiHI Now 



CS 



e^W Hom(LJ,cr) 
dim uj=l 



so fa decomposes into components fa,e £ r(C'ye)- We can write 

fcr,e — ^ ^ fcr,e,p 
P&Pe 



Z^ 
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where Pe is the face of corresponding to e, with Ve = Spec k[Pe]. The normahzation 
condition says that fa,e,o = 1- Given any diagram (fTUI) such that {gi,g2) is a maximal 
pair, Theorem 13.271 tells us that if n^^'^^ = 0, then 

I D(ggi,a;,(Ti) _ 

/'T2,e2lV(f2)H7 ^ ~ ^9i92[^) lM,ei|y(n)J- 

Comparing constant coefficients gives 

JfT2,e2,0 ' T-^/ \ Jo-i,ei,0- 

But /(7,e,o = 1 for all a, e by the normalization assumption, so D(sc,j, cj, (Xi) = D(sg2, cu, (T2) 
whenever n^^^^ = 0. This is the required condition when ((71,(72) is maximal. 

Now if ((71,(72) is not maximal, then there is a maximal pair (/ii,/i2) with ((71,(72) < 
(/ii, /12), i.e. there exists / : r — > p, /ij : p — s> cTj with gi = hi o f. Then 

D(sg^,ci;,(Ti) = D(sftJ^ ■ s/,cj,(Tj) 

= D(sh,,u;,(Ti) D(s/,u;,crj). 

Now D(s/ij, cu, (Ti) = D(s/i2, 1^, '^2) since {hi, h2) is maximal and n^''^'^ = 0, while D(s/, cj, ai) 
D(s/,u;,cr2) by Remark 13.261 and n'^'^'^ = 0. Thus Condition (LC) holds. 

Conversely, we will show how to produce a normalized section / of CS^^^x by con- 
structing /o- G T {V {(t) , CSp^^ x) which glue correctly. To do so, first fix for every uj E 
with dimcu = 1 a cr^ G ^max with a morphism : u ^ a^. Let y G be a point near 
and let A(ci;) be, as in Definition 11.581 the convex hull in C AjR y of the set 



{nr'|e':a7^(T'G^„,ax}CA:^CA 



This is the Newton polytope of the line bundle A/^ on X^^, up to translation. In particular, 
any 

peA(a;)nAy 

gives a well-defined regular section of A/1, on X^^. Explicitly, given a diagram 
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with ((71, (72) maximal, the above choice for /cr^,e^ determines /o-',e' via the formula (coming 
from Theorem 13. 2 7p 



peA{u})nAy 

Here on X^, "^gi^aW ) jg j^g^ ^^-^ element of . Now we require that the section be 
normalized, i.e. the constant term of each /o-,e be 1. This implies that for each diagram 
(fTT| . we must have 



I){Sg,,UJ,a') ^ i.^e\~lf ^3132 (g)*(^ 

D(s,„a;,a^) ^^^^ ^ ^<x.,e.,n-^' 



2;" 



using $3,32(5)* (2;"" ) = ) ^2;"" Sg^{nl-^ ). Thus 

(12) 4 e = 



Thus the coefficients 



of fa^,e^ are completely determined by the normalization condition, while all other coef- 
ficients ffj^,e^,p may be chosen at will. 

There is one point that we must check here, which is that if n^j^' = rf^^'\ 
of / e„e' and / e,^e" glvcu by formula (fT^ coincide. Since r 

O'uj ^G-uj jTlu CTci) ,CliJ j^T-nj 

it is enough to check that if n^^^' = 0, then (IT^ gives f e^e' = 1. But this follows 
immediately from Condition (LC). □ 

Theorem 4.26. Let {B, ^) be positive, with either A = or dimi? < 2, and let s G 
Z^{^, Q^®Gm) be open gluing data satisfying Condition (LC) of Proposition \J~2^ Then 
if X = Xq{B, ^,s), any normalized f G T {X , CS'^^^^ j^) determines a positive normalized 
log Calabi-Yau structure on X. 

Proof. Write / = (/^,e) with f„^e e T{Ve,Ov,) for any e : u ^ a e =^max, dim a; = 1. 
Because /o-,e is 1 at the zero-dimensional stratum of VJ=, the zero set of /o-,e cannot contain 
any toric stratum of Vg. Thus if 

Z = [jqM^,e = Q})<ZX, 

CT,e 

then Z does not contain any toric stratum of X. 
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If A = 0, then in fact Z = anyway, as fcr,e is constant, hence identically 1. Then 
the multiplicative condition of Theorem 13.221 is satisfied automatically. If A 7^ 0, then 
dimS = 2, and Theorem 13 . 221 imposes a condition for each two-dimensional, i.e. maximal, 
cell a. But X„ is just a point, and the formula of Theorem 13 .221 imposes a condition on the 
functions fa,e\x„- However since /o-,e takes the value 1 at this point by the normalization 
condition, the multiplicative condition of Theorem 13.221 is automatically satisfied, and 
f eV{X\ZXSx). □ 

Remark 4.27. In the case A = 0, the open gluing data in fact determine the log Calabi-Yau 
structure uniquely. However, in the two-dimensional case, when A 7^ 0, the open gluing 
data do not necessarily determine the log Calabi-Yau structure uniquely. Indeed, if uj con- 
tains a singularity of B with holonomy (as in Example 13.301) then AC — Of>i{n)^ 

and A(u;) is a line segment of length n. The coefficients of the monomials corresponding 
to the endpoints are determined by (jl2p . but the coefficients corresponding to the interior 
vertices are free to be chosen arbitrarily in k. Thus for given open gluing data s satis- 
fying Condition (LC), the set of normalized log Calabi-Yau structures on Xo(i?, <^^, s) is 
parametrized by a vector space of some dimension. Specifically, if A = {pi, . . . ^ps] with 

(1 nA 
^ M , then the dimension of the space of positive 

normalized log Calabi-Yau structures on Xq{B, s) is X]i=i('^i ~ particular, if 

Hi = 1 for all i, then the log Calabi-Yau structure is uniquely determined by s. □ 

Example 4.28. Theorem 14.261 is not true in dimensions three and higher, and it is an 
important feature of the theory that the space of possible log structures is not even 
non-singular in general. We will now give a quite general local example, which can be 
fitted into a global example, featuring two maximal cells as in Construction 12.151 Let 
Ml = M2 = M = Z", and choose some primitive vector dp G A^. Let M' = c?^ C M, and 
let p C be an n — 1-dimensional lattice polytope. Choose cxi C Mi (g) R, cr2 ^ M2 ® M 
to be n-dimensional lattice polytopes with at fl = p and such that 

aiC{me Ml® M| {dp, m) < 0} 

and 

C72 C {m G M2 ® M| {dp, m) > 0}. 

Next, we define a singular affine structure with boundary on ai U (T2 as follows. Embed 
Ml in M © Z by m I— ^ (m, 1) and M2 in M © Z by m h-> (m, 1 — {dp,m)). Thus we 
obtain ai U cr2 ^ © To define the desired affine structure, we have the canonical 
embeddings Int(cri) C (Mj)iK, giving affine coordinates on Int(o"j). In a neighbourhood 
of each vertex v e M' oi p, {v, 1) G M © Z, we obtain a chart f/„ {Mr © R)/]R(t;, 1) 
simply by projection. It is easy to see this is a homeomorphism onto its image. Take A C p 
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to be the union of codimension one simplices of the first barycentric subdivision of p not 
containing vertices of p. We can then choose open sets so that {Int((Ti), Int(cr2)}U{t4} 
form an open covering of (cxi U (T2) \ A and U^, r\U^ = ^ ii v ^ w. It follows that the 
affine coordinate charts defined on these sets define an integral affine structure. Parallel 
transport ip^ : M2 Mi through (or near) a vertex w of p is given by the composition 

M2 M © Z ^ (M © Z)/Z{v, 1) ^ Ml, 

where the second map is projection and the third is the inverse of the composed map 

Ml M © Z ^ (M © Z)/Z{v, 1). 

Thus ipy is the composition 

M2 3 m I— s> (m, 1 — {dp, m)) 

^ {m,l — {dp,m)) mod (f , 1) 
= {m + {dp,m)v,l) mod (t>, 1) 
m + {dp, m)v G Mi 

Thus if uj is an edge of p, d^^ a generator of A^^, with v~ — = pd^j for some positive 
integer p, then 

= m + {pdp,m)du;, 

so n^^p = pdp. 

We will now restrict to the case that p = 1 for all edges u of p, for ease of the discus- 
sion, and to make contact with the work of Altmann p. We now have as usual, as in 
Construction 12.151 p = pi cti, p = P2 o'2, V{pi) C V{ai), and after a choice of Si and 
S2, an isomorphism $0-^0-2 (s) : V{p2) V{Pi)- Gluing along this isomorphism gives X. 

Note that X contains a one-dimensional stratum Xp = F^, and for each edge u of p, we 
have the codimension 1 stratum X^ containing Xp. In addition, we have the line bundle 
A/L on X^, and the value of n^^p = dp tells us that A/L|xp = Thus a normalized 

section / G T{X,CSp^^x) must satisfy 

f(Ti,LO—fa-i \ Xp 1 ~l~ Cij'^) 

where x = z'^p. Here is completely determined by si and S2 by formula (|T^ . We note 
that the choice of si and S2 may not lead to an arbitrary choice of the c^j's. In addition, 
if / is to determine a log Calabi-Yau structure, we need the multiplicative condition of 
Theorem 13.221 to hold. In other words, for every two-dimensional cell f] ^ p, we have 
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Restricting further to Xp gives the relation 

(13) Yl d^® (l + c^x)^''^") = 1. 

a; C 77 
dimu = l 

Let us carry this out exphcitly for the following p C M^, with orientations as depicted: 



(1.2) 



(0,1 




(2,2) 



(2,1) 



(0,0) (1,0) 

Then we obtain in M' 

d^^ = (1, 0), (1, 1), (0, 1), (-1, 0), (-1, -1), (0, -1) for z = 1, . . . , 6. 
Splitting (fT^ into its two components, we get the equations (writing c, = c^J 

(1 + Cix) (1 + C2X) = (1 + C4X){1 + C^x) 
(1 + C2X) (1 + C3X) = (1 + CsX) (1 + Cqx) 

Comparing coefficients of powers of x, we get 

Cl + C2 = C4 + C5 
C2 + C3 = C5 + Cq 

C1C2 = C4C5 

C2C3 = C5C6 

This defines a three-dimensional scheme S in G^, with irreducible components being a 
Gi^ given by the equations 



Cl — C4, C2 — C5 C3 — Cg 



and a (G^ given by the equations 



C2 — C4 — Cg, Cl — C3 — C5. 



As we noted earlier, because the Cj depend on si and S2, the Cj cannot be chosen inde- 
pendently, but it is easy to see that the only restriction on the Cj is that 

6 

n< = (1,1), 



1=1 



but this condition has already been incorporated into the above equations. It can also be 
checked that multiplying si or S2 by a multiplicative function Ni Gm has the effect of 
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replacing ci, . . . ,cq with c'ci, . . . , c'cq. This does not change the isomorphism class of the 
gluing, and one obtains isomorphic log Calabi-Yau structures from these gluings. Hence 
the space of all open gluing data modulo this action fibres over S/Grn, where the action 
of Gm on S is the diagonal one, and S/Gm consists of a union of a one- dimensional torus 
and a two-dimensional torus meeting at a single point. 

The equations determining S/Gm are precisely the same ones defining the deformation 
space of a cone over a del Pezzo surface of degree 6, as computed in jTj. The hexagon we 
are using of course is the toric data which defines the del Pezzo surface of degree 6. 

The explanation is as follows. Let Y be the four-dimensional toric variety defined by the 
fan S in Mk©]R consisting of the cones over ai and a2 and their faces embedded in Mir©M 
as above. Then the cone over p is a cone in S, corresponding to a one-dimensional stratum 
Yp of Y, with Yp = P^. The singularities of Y along Yp are locally isomorphic to a cone 
over a del Pezzo surface of degree 6. If we take a general anti-canonical hypersurface H in 
Y, then HCiYp consists of one point, and H has a del Pezzo cone singularity at that point. 
However, H can be viewed as a partial smoothing of the anti-canonical hypersurface Ho 
consisting of the union of all toric divisors of Y, and this is precisely Xq{B, 1), where 
1 denotes the trivial gluing data si = S2 = 1. The point is that we expect the moduli 
of log Calabi-Yau structures on Xq{B , , 1) should be in some ways similar to (but not 
isomorphic to) the moduli space of H, and thus it makes sense to see the same structures 
appearing in Def{H) and the moduli of log Calabi-Yau structures on Hq. 

While this example is local, one expects that there are global examples where the space 
of positive log Calabi-Yau spaces coming from general {B, ^) can be singular because of 
the above considerations. 

It is not difficult to prove in three dimensions that Xq{B, 1) (trivial gluing data) 
always carries a log Calabi-Yau structure. However, it is not clear if this is true in higher 
dimensions, and it is not so useful because to study mirror symmetry, we would like to 
describe the entire space of positive log Calabi-Yau spaces with dual intersection complex 
{B, ^). Therefore, in the next section, we will restrict to situations where the behaviour 
of Example 14.281 does not occur. 

Example 4.29. 1) The toric degeneration of Example 14.21 (1) has dual intersection 
complex (B,^) as defined in Examples 11.181 and 11.231 (2). Details of this case and a 
much more general case including the Batyrev-Borisov construction are treated in [TH] . 

2) The dual intersection complex for the toric degeneration in Example 14. 2^ (2), arising 
from the example of Aspinwall and Morrison, has dual intersection complex as constructed 
in Examples ITTT^ and IT^ (2) . 

3) Finally, Example ll.2()l gives the dual intersection complex of a degeneration of Enriques 
surfaces obtained by taking a quotient of a family of K3 surfaces in P=.. We leave the 
details to the reader. □ 
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We end this section with the following observation and definition. 

Proposition 4.30. Let s,s' be open gluing data for (B,^), and suppose there are log 
Calahi-Yau structures X = Xq{B, s)^ and X' = Xq{B, s')^ normalized by the gluing 
data s and s' respectively, and suppose there is an isomorphism of log spaces ip : X X' 
preserving B. Then there exists t = {tfj)„^(^, t„ G PM{a), such that s'^ = t'^Seto-lr for 
any e : t ^ a. Furthermore, for a G ^ma^, t„ is induced by an element of Ay ® Gm for 
y G lnt((T). In this case, we say s and s' are equivalent open gluing data. 

Proof. The only thing new over Proposition 12.321 is the last statement. As in loc. cit. the 
isomorphism (p is induced by a map 

II ncr)^ II V{a) 

(J^^ max cr^'^^max 

which each ip„ : V{a) V{a) induced by some t„ G PM{a). However, ifpo- : V{a) X, 
Pa' ■ V{a) X' are the projections, / G r(X, £5+^^^), /' G T{X' , CS^^^ j^,) induc- 
ing the log Calabi-Yau structures, then p~^{f) and {p'cr)"^{f) are both normalized, and 
(p~^p~^{f) = ip'a)~^if')- However, as we pointed out in the discussion following Defini- 
tion 14.211 the pull-back of a normalized section of CS^^^ ^ via t„ is normalized if and 

pre, V ycr ) 

only if tcr is a multiplicative function on (for a G =?^max) rather than piecewise multi- 
plicative, i.e. comes from an element of Ay ® Gm for y G Int(cr). We then complete the 
proof as in Proposition 12.321 □ 

5. Simplicity and mirror symmetry 

We are now close to our first goal of realising mirror symmetry for toric log Calabi-Yau 
spaces. The chief problem at this point, however, is that for general positive (5, J^), the 
moduli space of all positive log Calabi-Yau spaces with dual intersection complex {B, <^^) 
may be quite complicated. We have already seen in Example 14.281 that this moduli space 
may well be singular, and that this refiects the fact that a partial smoothing of a log 
Calabi-Yau space, if it exists, might itself have obstructed deformation theory. On the 
mirror side this should correspond to singular moduli spaces of complexified Kahler or 
symplectic structures, and it is unclear what this should mean. Also, for more refined 
versions of mirror symmetry involving Frobenius or Aoo-structures it is convenient if not 
indispensable to deal with smooth moduli spaces. Therefore, we need to restrict attention 
to a class of log Calabi-Yau spaces which are well-behaved. We do so by restricting to 
the case that {B, is simple (§1.5). 

Once again, as in §4, we always work over S = Spec k, k an algebraically closed field. 

5.1. Moduli of toric log Calabi-Yau spaces in the simple case. Consider e : ti ^ T2 
and an element s G r{We,i*A ^ Gm). This in fact defines an element s G PM{ti) as 
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follows. Choose any r2 — > o" G =^max- Then lnt{a) fl We is non-empty, and for any point 
z G Int(cr) n We, s yields a germ G ® G^- 

Now for each vertex w of fi C cr C A^^^, parallel transport to s„ G A7r(„) ® = 
7r*(Q^ ® via the image of a path in a joining z to v. It is clear that the collection 
(s„) determines an element in PM{ti) as in Construction 12.251 Furthermore, this element 
is independent of the choice of cr: because Sz is the germ of s, a section of i*A ® Gm, it is 
invariant under monodromy about any loop in We- Thus each s„ is independent of a. 

Definition 5.1. By lifted gluing data, we mean a Cech 1 cocycle (sg) for the open cover 
W = {Wt-\t G with values in i^A(^Gm- For e : ri ^ r2, Sg ^ TlW^, z*A®Gm) induces 
Se G PM{ti) by the above discussion, and hence lifted gluing data (sg) determine open 
gluing data. 

The main point of simplicity is then 

Theorem 5.2. Let {B, I^) he positive and simple, and let s he open gluing data over an 
algehraically closed field k satisfying Condition (LC) of Proposition Then 

(1) s is equivalent ( Proposition \4 ■ !^0\) to lifted gluing data, and 

(2) there is a unique normalized section f G V{Xq{B , , s), CS^^^ ^^^^^ ^ , and this 
section induces a log Calahi-Yau structure on Xq{B, , s). 

Remark 5.3. Before embarking on the proof, it is worthwhile giving a quick explanation 
as to why lifted gluing data are enough. Consider the situation in Example 12.161 Given 
ej : r — s> Oi, and lifted gluing data G r(VFg^,i,,A ® Gm), the gluing map is $g2gi(s) = 
o $g2gj o Sgj. Now both Sgj and Sgj can be viewed as elements of PM(t), and as such, 
we also have ^e^exi^s) = o Sgj o ^g^g^. However, to view Sgj as acting on V{ti) C l^(cri) 
instead of V{t2) C V{a2), one parallel transports Sgj through the vertex (0, 0) to determine 
the action of Sg^ on the irreducible component of V{ti) corresponding to (0,0), and one 
parallel transports through the vertex (0, 1) to describe the action on the corresponding 
component. If Sgj is not monodromy invariant in a neighbourhood of the singular point, 
the induced action on V{ti) does not then arise from an element of r(iygj,i*A ® Gm)- 
The choice of Sgj and Sgj then allow all possible automorphisms of V{ti). 

More generally, the idea will be to try to split up automorphisms of V{t) into a product 
of ones coming from lifted gluing data. 

Proof. (1) By the definition of equivalence in Proposition 14.301 we need to find a system 
{t^)reg^ with tr G PM{t) for all r G ^ \ ^max, and tr E Gm for z G Int(r), 
T G ^max5 such that for each f : ti ^ T2, s'j = t~_^Sftr2\Ti is induced by an element of 
T{Wf,i,A®Gm). 

Step 1. Let r G < dimr < dim 5 be given, and let Vti C <^i(r), Ri C <^„„i(r), 
Aj, Aj be the objects associated to r by the definition of simplicity (Definition ll.60|) . 
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Let Ci : T ^ a-i e =^max- Then for / G Qi, n^i°/'<^2°/ and D(sei, /, ei)/ D(se2, /, 62) are 
independent of the choice of / G ^2^. 

Proof. The first statement is Remark ll.611 (1). To see that D(sej, /, ei) / D(se2, /' ^2) is in- 
dependent of / G Qi, we note it is enough to show D(sej, /, ci)/ D{se^, f, 62) is independent 
of / in Qi whenever we have a diagram 




with dimp = n - 1. If ^ ^ Ri, then Ugof = n^J°f'^^°f = by Def. ITM (1), so by Con- 
dition (LC), D(se-^, /, ei)/ D(se2, /, 62) = 1- Thus it is enough to show this independence 
for g & Ri. Note that by Remark (3), we can then assume 

Qi = {f : UJ ^ T\ngof 7^ 0}. 

Now let Zi G Int((Tj), so we can view cij C A^ ^. and fi C ai, the face of determined 
by Ci. As usual, can be viewed as a function Se^ '■ A^^ — Gm which is piecewise 
multiplicative on the fan f-j'-^Sj. It is given by s". G A^^ ® Gm on the cone of f'^T.^^^ 
corresponding to a vertex f of fj. Suppose we are given a cycle of edges cDi, . . . , ti)„ of f, 
with vertices of uj being vj and fj+i, with Vn+i = vi. This cycle need not be contained 
in a 2-face. Specifying ujj is the same as specifying an fj : uj r. Then we have (with 
the signs chosen to correspond to the orientation of the cycle) 

nD(.e„/„e.)®< = -|^-^----^ = l. 

Since d^^. is monodromy invariant in a neighbourhood of Int(r), we can parallel transport 
this identity for i = 2 into A^-^ ® Gm, and so obtain 

Note that if fj ^ fij, then Ugoj^ = 0, and by Condition (LC), D(sei, fjy ^1)/ ^(sea, /j, 62) = 
1, so only those fj G f2i contribute to the above product. 
Now define a piecewise linear function (f on the fan E,- by 

Lp{x) = -inf{(y,x)|x G A^}. 

(See Remark |l. 591 ) Then ip is given by a linear function G A^ on each maximal cone of 
corresponding to h : v ^ r. As in Remark 11.591 we then have mgohi 90/12 ~ ~ Qhi G 
A^. Now there is a fan S'^, consisting of (not necessarily strictly convex) cones which 
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are the maximal domains of linearity of ip. The fan S^- is a refinement of S!^. There 
is a one-to-one order reversing correspondence between cones of S!^ and faces of Aj. Of 
course there is also the usual one-to-one order reversing correspondence between cones of 
E,- and faces of f. This gives, for every face t] (1 f, a face r/' C Aj, as follows. The face t] 
corresponds to a cone K^j in St-, which is contained in a cone K'^^ of S!^, which corresponds 
to a face t]' C Aj. This correspondence does not increase dimensions, i.e. Aj is obtained 
by partial collapse from f. In particular, an edge of f corresponding to / G ^i{t) is 
mapped to an edge of Aj if and only if / G fij. Otherwise it is mapped to a vertex. If 
fj : ujj ^ T, j = 1, 2, map to the same edge of Aj, then we can find a cycle in f of edges 
containing /i and /2 and such that all other edges of the cycle map to vertices of Aj. 
Then d^-^ = ±d^2 ='■ d is parallel to the corresponding edge of Aj, and Ui and uj2 are 
traversed in the cycle in opposite directions, so that (fT^ yields 

^^'^^^^'^''Kd).(^^M^^d] =1. 



.D(Se2,/l,e2) / VD(Se2,/2,e2) 

Thus D(sei, /j5 ^i) / D(se2, fj, 62) is independent of j. 

If dim Aj = 1, then we are now done. Otherwise, any two-face 77 of Aj is an elementary, 
hence standard, simplex. Thus we can find a cycle of edges of f with only three of its 
edges fj : ojj ^ T (j = 1,2,3) in f2j, and such that these edges map to the three edges 
of 77. Also, (i^2 and (i^g span the tangent space to 77, so without loss of generality we 
can take (in a suitable basis) d^^ = (1,0), d^^ = (0, 1) and d^^ = (—1, —1). Then (fT^ is 
equivalent to 

» (1,0)) ( 2<£^4i^ s (0. 1)) « (-1. -1)) = 1. 

,D(Se2,/l,e2) J VD(Se2,/2,e2) / VD(Se2,/3,e2) J 

which implies D(sei, fj^ ^1) / D(se2, fjy ^2) is independent of j. 

Since this is true of every 2-face of Aj, one sees D(sei, fy ^i)/ ^(sea, /, 62) is independent 
of / G fij, as desired. This proves the claim. □ 

Step 2. Let t E with < dimr < dim 5, and fix some e : r — *• a G ^max, 
z G Int(cr). Then there is an element n,- G ® Gm{k), or alternatively a homomorphism 
Ur : Az ^ Grn{k), with the property that for every e' : r — > a' G <^^max and f : u ^ r 
with dimci; = 1, 

(15) um:^-'^^) = ^g^T^^^^K"''^'"')"- 

Proof. Let Qi C ^i[t), Ri C ^„_i(r), Aj, Aj be as in Definition I1.6(J1 First, whenever 
^eo/,e'o/ ^ Condition (LC) implies 

D(v,/,e')/D(se,/,e) = 1, 

so (jl5j) holds for any choice of n^. Furthermore, if / : u; ^ r is not in [J^^i^i, then by 
Remark 11.611 (2) rf°^^^'°^ = 0. Thus we don't need to worry about such /. 
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Next, let T^. C C Ak^^ denote the tangent space to the polytope Aj. By Re- 

mark lO)H (4), T^^ + ■ ■ ■ + T^^ form an interior direct sum in Ar^^. Thus for any collec- 
tion of homomorphisms Ui : T^. fl A^ — ^ Gm(fc), i = 1, • • • there is a homomorphism 
n : A2 — > Gm{k) extending each of the Uj's. (Here we use the fact that Gm(fc) is divisible, 
so that any homomorphism defined on a sublattice of A^ extends to one on A^. It is here 
we use that k is algebraically closed.) Thus, since for / : — > r in 72^°/'^'°/ ^ H A^, 
it will be enough to show that we can construct Ui : T^. fl A^ — * such that 



(16) 



Ui{n[ 



eo/,e'o/\ 



^{Se',f,e') 

D(-Se,/,e) 



Spin, 



eo/,e'o/ 



for all / : ^ r in fij, for all e' : r ^ o"'. 

By Step 1, 72^°/'^'°/ and D(se', /, e')/ D(se, /, e) are independent of / G f^j. Because Aj 
is an elementary simplex which is the convex hull of {n^°'^'^'°-^|e' : r a'}, the non-zero 
elements of this set are linearly independent. In addition, if n^-f'^'°f = n'^°f'^"°f ^ then 
= n^°-^'^"°^ - n^°/'<^'°/ = and Condition (LC) then shows that 



D(v,/,eO 
D(se,/, e) 



D(V',/,e" ) 
D(se, /,e) 



eo/,e"o/N-l 



Thus there exists a homomorphism : T^^ fl A^ ^ satisfying ()16|) and hence a 
homomorphism Ut- : A^ — > Gm satisfying (fT3j) . □ 

Step 3. The open gluing data (sg) are equivalent to lifted gluing data. 



Proof. We construct (tr)re.^ as follows. For r G ^max or dimr = 0, set tr = 1. For any 
other r, fix e : r ^ cr G i^max and take = SeUr with m,- as in Step 2. We need to show 
for each / : Ti ^ r2, Sj = ^"^5/^x2 In is induced from T{Wf, i^A (g) Gm(/c)). 

First note that for f '■ ti ^ T2, s E PMiji) is induced by an element of T{Wf,i^A ® 
Gm{k)) if and only if for all g : uj ^ Ti with dimu; = 1 and e : r2 ^ cr G ^max, 
D{s,g,e o /) = 1. Indeed, this says that for any vertex v of fi and any a G <^^max 
containing T2, the parallel transport of G A^(t,) ® Gm{k) into 2 G Int(cr) is independent 
of V. This gives a well-defined element of A^ ® Gm(/i^), which is then invariant under 
monodromy in Wf, as desired. 

We first consider e' : r ^ a' E ^max, and wish to show s'^, = t~^Se' is in T{We', i*A ® 
Gm{k))- This is trivial if dimr = 0. Otherwise, applying Remark 13.261 to both Sg and Ur 
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for (yf : c<j — > r, dimci; = 1, and the definition of Ur fll(j|l 

B{s'^„g,e') = D{U,g,e')-'D{s,,,g,e') 

= D(se, g, e')~^ D(n^, g, e')~^ D(se', 5-, e') 

= D(se, g, e)-he{nZ°^'^'°T' D(^r, ^7, e)-in.(nr'^'°^)~' D( ^7, e') 

= 1 

as desired. 

Thus Sg, G r(iye'5^*A ® G-m) for any e' : r ^ a' E ^max- On the other hand, for 
Ti — >T2 — xj', = s'j. But then for any e' : T2 ^ a, g : on ^ Ti, 

Dis'f,g,e'of) = D(4,„^,^7,e'o/)D«,|-\^7,e'o/) 
= D{s',,^f,g,e'of)D{s',,Jog,e')-' 
= 1 

by the previous case. Thus G r(W/,2*A ® Gm). So we conclude that s' is hfted gluing 
data. □ 

(2) Given s, X = Xq{B,^,s), it is clear there is a unique normalized section / G 
T{X, CSpj.^ x). Indeed, using the notation of the proof of Proposition 14. 251 with e : u ^ a, 
fa,e = X]peA{w)nA f(T,e,pZ^, fcT,e,p is determined by the normalization condition whenever p is 
a vertex of A(u;). But since A{uj) is an elementary simplex, all integral points of A{uj) are 
vertices, so f„^e is completely determined, and / is unique. It remains to show / defines 
a log Calabi-Yau structure by checking the multiplicative condition of Theorem 13.221 

Focus on one a G <^^max and e : r ^ cr with dimr = 2. For g : u ^ r with dimci; = 1, 
note that D{se',g,e') = 1 for all e' : r — cr' G ^max because the gluing data are hfted. 
It thus follows from (fT^ in the proof of Proposition 14.251 that /^^^ ^eog,e'og = Se{n^^'^'°^), 
and in particular 

fa,eog\Ve = ^^(p)^^ 

a g G Qi, where Aj, f2j are associated with r. Thus fa,eog\ve only depends on which Qi 
has g as an element. 

Now as T is two-dimensional, we have p < 2 in the definition of simplicity for r by 
Remark II. (iH (5). If p = 0, then n^9,e'og _ g ^^^^ fa,eog = 1 for all (7 : ^ r. Thus the 
multiplicative condition is trivial. If p = 1, then dimAi = 1 or 2, and is either a line 
segment of length 1 or a two-dimensional elementary simplex. Then 

r^i = {g-i : uji ^ t\1 <i<r] 
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with r = 2 or 3 in the two cases (if r = 2, (^i and g2 should be thought of as opposite 
parallel edges of r). Note fa,eog\ve = 1 for 9 ^ Ur=i If "^i™ — 1' then rf^-^ = ±d^^, 
and the multiplicative condition becomes 

which holds automatically as fa,eog\ve is independent of g ^ Qi, as remarked above. If 
dimAi = 2, we can without loss of generality assume d^-^ = (1,0), d^^^ = (0,1) and 
duj3 = (—1, —1) (inside the two-dimensional space A^). The multiplicative condition then 
becomes 

(/(T,eogi IVe) 1) ■ (Ij fo-,eog2\Ve) ' (/cr,eog3 I Ve) fcT,eogs\Ve) ~ 1) 

which again holds. 

If p = 2, then Ai and A2 are both line segments, which without loss of generality we 
can take to be the line segments with endpoints (0,0) and (1,0) for Ai and (0,0) and 
(a, 6) for A2 with a, 6 G Z, gcd{a,b) = 1. Again Qj = {gj : — > r|z = 1,2}, j = 1,2 
(with Lol, UJ2 parallel and opposite edges of r). Then writing fj = f j for j = 1,2, 
independent of i, the multiplicative condition becomes, without loss of generality, 

(/l,l)■(/2^/2)■(/^M)■(/2^^/2"') = l, 

which again holds. This completes the proof. □ 

Theorem 5.4. Given {B, ^) positive and simple, the set of positive log Calahi-Yau spaces 
with dual intersection complex {B, modulo isomorphism preserving B, is H^{W ^ i^A® 

Gm). 

Proof. If X is a positive log Calabi-Yau space, there exist open gluing data s such that X = 
Xq{B, ^,s) by Theorem 14.141 and s then satisfies Condition (LC) by Proposition 14.251 
Thus by Theorem 15.21 (1), s is equivalent to lifted gluing data. 

On the other hand, any lifted gluing data trivially satisfy Condition (LC), hence define 
a positive log Calabi-Yau space by Theorem 15.21 (2). Now if s,s' are two choices of 
lifted gluing data defining log Calabi-Yau spaces X and X' which are isomorphic via an 
isomorphism preserving B, then by Proposition 14.301 s and s' are equivalent, i.e. there 
exists (tr) such that s'^ = t~^Setr2 for e : ri — > r2. In particular, for e : r — > a G i^max, 
tr = {se/s'Jt„. But Se,s'g G T {We, i*A Gm) , and t^ G r(Int(a),z*A ® G„). Thus 
tr G r(lVe n Int(cr), z*A ® Gm). Siuce tr is independent of a, in fact tr G T{Wr,i*A®Grn)- 
Thus s and s' are cohomologous as Cech 1-cocycles with respect to the open covering W. 

Conversely, if s and s' are lifted gluing data which are cohomologous, then by Theo- 
rem |2IS2l ^o{B, s) and Xq{B, J^, s') are isomorphic. This isomorphism is induced on 
open sets V{a) by t„, where [tr)re.3^ is the Cech 0-cochain making s and s' cohomologous. 
But the pull-back of a normalized log structure under an element of r(PKr, ^*A Gm{S)) 
is still normalized, so the pull-back of the normalized log structure on Xq{B, s') is a 
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normalized log structure on Xo{B, s). Hence by the uniqueness result of Theorem 15 .2^ 
(2), Xq{B, s) and Xq{B, 0^ , s') are isomorphic as log Calabi-Yau spaces. □ 

We finally note that this Cech cohomology group computes the cohomology of z*A®Gm,: 

Lemma 5.5. Suppose the discriminant locus of B is straightened (Remark \1.49{ ). Then 
W is an acyclic cover for both i^,A and i^,A ® GmiS). In particular, 

W{W,i,A) = W{B,i,A) 

and 

H^W, %,A ® Gsm{S)) = H^{B, i,A ® 

for all j > 0. 

Proof We show H^{Wr,...r^, i^A) = and {Wr,...rp,i^A » Gm{S)) = 1 for j > only for 
p = 1 for convenience. The more general case is the same, keeping in mind that Wn-.-Tp 
may have a number of connected components. 

The first thing to observe is that Wr and A fl Wr are both topological cones over the 
point X = Bar(r). In particular, there is a fundamental system of neighbourhoods {Wj} 
of the barycenter x of r and homeomorphisms ipj : Wj —>■ Wr (just dilations) such that 
ipJ^iWr n A) = Wj n A and (PjA\]y^\^ = A\\y.\^. Thus the restriction maps 

H^iWr^i.A) HP{Wj,i,A) 

are isomorphisms for all j. Thus H''^{Wr,i*A) is isomorphic to the stalk of id^:(i^A) 
at X. Of course, i^^id* of any abelian sheaf vanishes for p > because it is computed 
by applying id,, to an injective resolution. In particular HP{Wr,i^.A) = for all p > 0. 
Similarly HP{Wr, i.A ® G^{S)) = 1 for all p>0. □ 

Remark 5.6. If A = 0, then {B, ^) is automatically simple, and the above discussion can 
be interpreted as follows. There is in fact an exact sequence 

(17) ^ ^ A ^ ^ 0, 

and hence an exact sequence 

H\B, A,^ ® GmiS))^H\B, A ® G.m{S))^H\B, Q,^ ® G„(5)). 

The map /2 can be interpreted as taking lifted gluing data to the corresponding closed 
gluing data; elements of H^{B, Qgs ® Gm{S)) represent closed gluing. The kernel of /2 
can then be viewed as the space of log smooth structures on the space Xo(-B, 1), where 
1 denotes the trivial gluing data. This coincides with im/i. This interpretation is not so 
simple for the case when A 7^ 0, since then p7|) fails to be exact on A. However, there is 
always a map 

H\B, i,A ® Gra{S)) H\B, ® G^S)) 
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taking lifted gluing data to closed gluing data, and in the simple case the kernel again 
represents log Calabi-Yau structures on the trivially glued Xq{B, 1). □ 



A e Aff(MiR 



Example 5.7. Following up on Example II. 5| (3), consider T C G defined by, for e a 
positive integer, 

A{mi, 7712) = (mi + vm2 + u + v{y — l)/2, m2 + v) for (m, v) 
in the lattice generated by (e, 0) and (— e(e — l)/2, e) 
The generators of F are Ti and T2 with 

Ti(mi,m2) = (mi + e, m2) 
T2(mi,m2) = (mi + em2,m2 + e). 

These are integral not only with respect to the lattice M C Mjg, but also the lattice 
eM C M]R. Changing basis of Mk from the standard basis 61,62 to 661,662, we can just 
as well work with the generators 

Ti(mi,m2) = (mi + l,m2) 
T2(mi,m2) = (mi + 6m2,m2 + 1), 

integral with respect to the lattice M C Mr. 

Let B = M]r/F. Take as a fundamental domain for the action of F the unit square 
with vertices (0,0), (1,0), (0,1) and (1,1), and obtain a polyhedral decomposition ^ 
of B by triangulating this square by adding an edge joining (0,0) and (1, 1). Then ^ 
contains one vertex v, and S^, is the fan with rays generated by (1, 0), (1,1), (0, 1), (—1, 0), 
{e — 1,-1) and (6,-1). Then can be viewed as a Hirzebruch surface blown up 
at two points, while Xq{B,^,s) is obtained by identifying "opposite" toric divisors of 
this surface. The moduli space of log Calabi-Yau spaces with dual intersection complex 

(5, is then H^{B, A^Grn{k)). Now A is a local system with monodromy and 
1 e\ 

^ ^1 about the two generators corresponding to Ti and T2, and in view of Lemma l575l it 

is straightforward to calculate that {B , A (S) Gm{k)) = (Gm(/c))^ x /Xe, where fig denotes 
the group of 6th roots of unity in k. This recovers a calculation of and demonstrates 
that there may be several connected components to the moduli space. 

For future use, we note 

Corollary 5.8. Let (5, ^) be positive and simple, and s lifted gluing data, inducing a 
log Calabi-Yau structure on Xq{B, s). Then the log-singular set Z C Xq{B, s) can 
be taken so that for any r e ^ , qr : X^ ^ Xo{B, ^, s), q~^{Z) = Zi U ■ ■ ■ U ZpU Z' , 
where the codimension of Z' in Xj. is at least two, Z' is contained in the complement of 
the big torus orbit of X^, and Zi, . . . , Zp are irreducible and reduced Cartier divisors on 
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Xr which are linearly independent in Pic(X^). Furthermore the Newton polytope of Zi is 
Ai, where Ai, . . . , Ap are as in Definition \1.6(A 

Proof. q^^{Z) consists of various irreducible components arising as follows. The open 
gluing data s induce a section / G V{Xq[B, 0^ , s), C.S'^^^ ^^^^ ^ which induces sections 
of the line bundle A/L on X^^ for each lo ^ with dimcj = 1. Set Z^^ to be the zero locus 
of this section. Then 

dimcj = l 

Thus contains the codimension one components 

{Ps,s{(^~^[,'Z'^\e : — s> r an element of <^i(r)}, 

and a number of higher codimension components, contained in the toric boundary of X^^ 
i.e. the complement of the big torus orbit. 

Now by definition of simplicity, Fs,s{,^~^{Zuj) = unless e G IJiLi^*- Furthermore, 
if e G fli, then the line bundle -^^^(A/L) has Newton polytope given by the elementary 
simplex Aj. Finally, as in the beginning of the proof of Theorem 15.21 (2), Fs^s{^)~^{Zuj) 
depends only on the value of i for which we have e G fij. Thus we can write g^^(Z') = 
ZiU ■ ■ - U ZpU Z' where codim(Z'') > 2. Also, each Zi is irreducible as it contains no toric 
stratum of X^ and comes from an elementary Newton polytope. Finally from Remark ll.61l 
T^^ + ■ ■ ■ + T^^ (where is the tangent space to Aj) form an interior direct sum in 
from which it follows that Zi, . . . , Zp are linearly independent in (PicX,-) (g) M. □ 

5.2. The logarithmic Picard group in the simple case. L. Illusie [22] has suggested 
that if X is a log scheme, then H^{X,Ai^) is a good candidate for a logarithmic Picard 
group. Let us give some motivation for this here. Let X be a normal scheme or algebraic 
space, y C X a Cartier divisor. Now suppose we have an element of Pic(X \ Y) which 
we wish to extend to X. This could be done by taking a specific Weil divisor D on X \ Y 
which is Cartier, representing some element of Pic(X \ Y), and taking its closure D in X. 
However, there are two problems. First, the linear equivalence class of D might depend 
on which member of the linear equivalence class of D we chose. It is well-defined only up 
to Weil divisors supported on Y. Second, D might be Weil, but not Cartier. Thus we do 
not get a map Pic(X \Y) ^ Pic(X). 

On the other hand, if we think in terms of log geometry, and take j : X \ y ^ X the 
inclusion, we set M.(x,y) = j*C^x\Y ^ Then A/l^^y-, = j*C^x\y by Lemma and so 
we obtain an injective map 

(18) H\X,Mfly^) ^ H\X\Y,0^^y), 

from the Leray spectral sequence for j. If in fact R^j^O^y^ = 0, then we would have 
H\X,Mfly.) = Pic(X \ Y). If this is the case, it becomes clear H\X,Mf^Y)) is a 
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natural notion for the logarithmic Picard group. This seems likely to be the case for some 
natural class of pairs Y 'O X. Here is a trivial case: 

Lemma 5.9. Let X be a toric variety over an algebraically closed field k, and let D C X 
be the union of codimension > 1 toric strata of X . Let Z (1 X be any closed subset such 
that Z does not contain any toric stratum of X . Then 

H\X \ Z, A^sp ,^)) = Pic(X \ {D U Z)) = 0. 

Proof. Since X\D is just an algebraic torus, Pic(X \D) = Pic(X \{DU Z)) =0. Since 
(fTH|) give an injection H^{X\Z,M^f^ jj^) H\X\{ZUD), O^^^), the result follows. □ 

The situation of interest for us is that f : X ^ S = Spec i? is a toric degeneration of 
Calabi-Yau varieties, with singular set Z. Then f : X \ Z ^ S is log smooth, and we 
then conjecturally have an isomorphism 

FiciX,\Z) = H\X\Z,Mf^^^^^^). 

Since Z is codimension two, if is non-singular, we have Pic{Xfj \ Z) = Pic(A'f^). In 
addition, if M.Xq is the induced log structure on Xq, there is a natural map H^{X \ 
Z.Mll^^^)^H\X,\Z,M%). 

This motivates the following conjecture: 

Conjecture 5.10. Let f : X ^ S be a toric degeneration, X = Xq. Then if H^{X, Ox) = 
H'{X,Ox) = 0, 

Fic{Xf^ \Z) = H\X\ Z, Mf). 

If Z = and / is normal crossings, then this should follow from representability of the 
logarithmic Picard functor as proved by Olsson in jSH]. This representability probably 
does not depend on / being normal crossings, but the question is more subtle when Z 7^ 
and here we may expect to need some additional hypotheses. 

This is meant to be motivation for computing the group H^{X \ Z,A4^), which we 
will now do. This in turn serves as motivation for the definition of the log Kahler moduli 
space in the next section. 

We will now begin to set up the technical means for a computation of the logarithmic 
Picard group in our case. Let B be an integral affine manifold with singularities with 
a toric polyhedral decomposition and let s be open gluing data for [B, ^) over an 
algebraically closed field k. Let X = Xo{B, s), and suppose there is a log Calabi-Yau 
space structure on X with log-singular set Z. Denote by s the associated closed gluing 
data. Then Definition 12.111 defined the gluing functor -F5 s- 

For r G let qr '■ X be the usual natural map, and we will also write here 

for the restriction : Xr \ q~^{Z) — > X \ Z. We write Air ■= q*-^x\z, the pull-back of 
the log structure fDefinition 13. 4|) . 
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CTQ^ XT J, 

and define a differential dt,ct '■ '^^^^ by 

k 



(TO— > >(Tfc 



J- 



i=0 



Then (^*,(ibct) is a resolution of the sheaf Ai^^ 



x\z- 



Proof. Define a map M.^x\z ~^ 



We need to show ^* exact. 

As for any pull-back of log-structures, Ai^^ = each a G Let 

(j(j_> >o-fe 

and 



7gP 





CTQ-^ XTiL, 

The differentials are defined similarly to c/bct (though the differential should be written 
multiplicatively for I*). We then get an exact sequence of complexes 











^x\z 



I* 











M 



■gp 

x\z 







After taking the long exact cohomology sequence, we see the middle complex is exact if 
the left and right complexes are exact. However, the exactness of these two complexes 
follows immediately from the methods of §A.3, Example lA. 31 as in the proof of Proposition 
IT!?7I □ 

Definition 5.12. For any r G we denote by C the toric boundary of X,-. 

Lemma 5.13. For any r G J^, there is a natural exact sequence 

-^(i,D.) — -Mf ^ a: 

on Xr \ q~^{Z). This exact sequence splits, and the splitting is canonical if dim t = 0. In 
addition, H\Xr \ Z, Mf) = Q for all t e ^ . Thus H\X \ Z, Mf) =m\X\ Z, = 
H^{r{X \ Z,'t^*)) by the hypercohomology spectral sequence. 
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Proof. First consider the case of a vertex w G We use the construction of given in 
Lemma E.291 For each e G Uo-e^max Hom({ii;}, a), we can view a C with = w E a 

the hft of w E a distinguished by e. We then obtain the closed embedding : Ve ^ V{a), 
and is given on the open subset Ve = Spec k[Pe] of as pos~^ o ig. Here Pe is the face 
of Po- corresponding to e. Now the log structure on X pulled back to V{a) is given by a 
section / G T(y{a) \p~^{Z), CSv(a))- In fact this log structure is given by a collection of 
charts P^ Ou^ for an open covering of Zariski open subsets {Ui\ of V{a). The reason for 
this is that in the proof of Theorem 12221 giving a section of T over a Zariski-open subset 
gives a chart in the Zariski topology. After further pulling back the log structure by s~^, 
we still obtain charts P^ Ou^ (replacing Ui by SeiUi)). Finally, the log structure pulled 
back to Ve via is given by restricting these charts to K fl f/j, yielding (pi : P„ ^ C[/^nVe- 
Such a chart is now of the form 



p 



p 



p^Pe 

hpzP pePe 

where Pe 3 p ^ hp E O^.^y^ is a monoid homomorphism. However, the log structure 
induced by this chart is in fact isomorphic to the one given by the chart (p'^ : P„ —* Ou-nVe 
given by 

^0 p^Pe 

pePe 

Explicitly, this isomorphism is given by, for example, 

(P. © Ol^^J/{{p,^.ip)-')\p G V7\0^^^yJ} 

— (p^ © o^^^^j/{{p,^[ip)-')\p G v-'m^^yj} 

by (p, h) I— s> {p,h ■ h^^^p)), where vr : P^p P|p is any linear projection and p ^ hp has 
been extended to a homomorphism P^^p 0^,^y^. 

Let j '■ f] Xw be the inclusion of the generic point rj of X^. Then there is a natural 
map 

M^^j.fMu, = N. 

Let Ai'^ = /9~^(0). From the explicit description of charts for Ai^j above, one sees in fact 
that if a : M.^ — * is the structure map, then cy.\M'^ is an inclusion of J^'^ in Ox^, 
and = 7W(x„,d„) ^ C'x^- Thus we obtain an exact sequence 

This can be split canonically via 'L3 1 ^ p E Ai^, where p is given by the morphism to 
Spec k) . 

If r is arbitrary, we can choose any e : w ^ t, and then use qr = qw ° Fs,s{g) to obtain 
charts for A^,- on open subsets of X^-. Now if j : r/ — > Xr is the inclusion of the generic 
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point, then by the construction of the dual intersection complex in §4, j*j*AiT can be 
identified as the constant monoid sheaf Hom(JV, N) C A* ©Z. (See Definition 12.11 ) Thus 



(j^,j*A^T-)sP can be identified with A* © Z, though this identification is not completely 
canonical, as it depends on the lifting f. The same argument as before now shows we 
have an exact sequence 

O^M^^ jj^^^Mf^A; © Z^O 

onX^\q;\Z). 

By Lemma EH H\Xr \ q-\Z), Mf^^^^^-^) = 0. In addition, since H\Y, Z) = in the 
etale topology for any normal variety F, ([Sj, IX.3.6), we see that {Xr\q~^ (Z) , Aif) = 
0. The last statement of the Lemma then follows from Lemma (5.111 and the hypercoho- 
mology spectral sequence. 

The only remaining statement to show is that the exact sequence of the Lemma splits. 
But Ext^(Z, A^JP^^^^p = H^{Xr \ q-^{Z),Mfl^^^^^) = 0, so the extension class must be 
trivial. There is no canonical splitting, however. □ 

The moral of this calculation is that while there is moduli of log structures on V{a), 
these all become a standard log structure once restricted to irreducible components. 
We now want to compute H^{T{X \Z, 

Definition 5.14. Letting 

= T{X\Z, <^'=)/r(x\z,j'^), 

where X'^ = ^0-^*0^ ^ ~ify, is as in Lemma IB. IH we obtain an exact sequence 

of complexes 



^ T{x\z,r) T{x\z,^') ^ g* ^ 0. 



□ 



To think about elements of Q , we first use the sequence 
to see that 

r(XAg."^(^),A^f)/r(XAg;^(^),0t) = ker {}i\x\,q-\z)j:^) -.V\c{X^,q-\Z))). 

Thus we need a way to think of elements of \ q~^{Z),M^). 

Lemma 5.15. Let r G , and choose e : f — > r. Let Tg be the cone of corresponding 
to e, with 

t^^J:^ = {K + RTe\K e with Te C K}. 
Then there is a canonical isomorphism between 

H%X^\q;\Z),MT) 
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and the group 

p^, , /a A M ^'^ piecewise affine with respect to r^'-^E^ 
\ and takes integer values on Aj, 

for y E T in the interior of the edge e o/Bar(<^^). 



Proof. Let A G H\X^\q-^{Z), M!f). Since Mf = q;\Mx), we have stalks (A^f ^ 



)x 



Now any f : r ^ a determines a toric stratum Fs,s{X^) C Xr with generic point 

gp 

rja, and thus A determines a stalk G ■Mx,qr{va)- other hand, the construction 

of the dual intersection complex identifies a canonically with a polytope in an affine 
hyperplane in Hom(A1^g^(-j^^-), M), and A^- can be viewed as a linear functional on this 
latter vector space. By restricting Ao- to a, we obtain a canonically defined linear function 
Act : (T ^ M. The morphism e also determines a lift v E a. By identifying the tangent 
wedge to a at v, based at v, with the corresponding cone K in the fan S^, we obtain just 
as well a canonically defined affine linear function X'^ : K ^ W (so that X'^{0) = Xcr{v)). 
Note that Tg is a face of K. Then A^ extends to a map X'^ : K + Mrg M which is affine 
linear and takes integer values on A^ fl {K + Mrg). The collection of such A^ defines a 
map A : Ajj M which is piecewise affine as desired. The fact that A is continuous 
comes from the fact that if we have : ^ Uj, i = 1, 2, the images of Ag-i and Ag-j under 
cospecialization maps 

'■!'i<y\ 'I'liiJ '■)n<72 

coincide with A^^. 

Reversing this procedure, given a piecewise affine map A : A^ — ^ M, one obtains stalks 

gp gp 

Act oi Ai^ which agree under cospecialization, and hence give rise to a section oi M.^ . 
The last equality follows from the definition of VC,'^{B^ Z). □ 

Remark 5.16. Of course H^{Xt- \ q~^{Z), Ai^) is independent of the choice of e, so if we 
have Ci : Vi ^ r, then the resulting canonical isomorphism : PA(ei) PA(e2) is easily 
described. For any maximal cone Ki of Tg~^St,^ corresponding to / : r — cr G ^max, an 
element A G PA(ei) restricted to Ki is given by an element Xki G Aff{B,Z)y^. Then 
0(A) restricted to the corresponding cone K2 of t~^I1^,^ is given by parallel transport of 
Xki to Xk2 ^ -^ffiB, Z)^,2 by first following the edge of Bar(^) given by / o ei, and then 
following the edge / o 62 to arrive at V2. This construction can be viewed as dual to the 
construction of the map of Construction 12.151 □ 

Remark 5.17. By Lemma I5.1H| we always have a subsheaf A^(x^ d^) — -^r- We can 
interpret an element A G T{Xr \ q~^{Z), Ai^x^ j^^-^) as a piecewise linear function on the 
fan in a slightly different way. Such a section can be interpreted as a Cartier divisor 
on Xr supported on Dr, and as such gives a well-defined piecewise linear function A on 
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the fan S,- taking integer values on Qr C Q^k, by the standard correspondence between 
toric Cartier divisors and piecewise hnear functions (see Remark IU.1|) . Given e : w — a, 
we can compose A with the projection A^,; Qr,R, to obtain a piecewise hnear function 
on T'^Tiy. It is easy to check this coincides with the piecewise affine function constructed 
in Lemma [5.151 

Now in general, the boundary map 

H\Xr \ q;\Z),M^l^^^^^) - Pic(X. \ q;\Z)) 

induced by the standard short exact sequence takes a Cartier divisor with support on 
to the corresponding line bundle on \ q~^{Z). Thus, in particular, if A G \ 
q~^{Z), J^^) is induced by a linear function on S^-, then the corresponding Cartier divisor 
is principal and A lifts to an element of H^{Xt- \ q~^{Z),A4f^). □ 

Lemma 5.18. Let Wao^-.-^ap denote the connected component ofWcro-.-ap corresponding 
to the p-dimensional simplex of Bar {^) with edges ai (Xj+i (see Lemma \2.9^) . Then 
there is a canonical map 

r{w^,^...^^^,Aff{B,z)) r{x„^\q;;iz),Mll)/r{x„^\q;;iz),o-^J. 

This induces an infective morphism of complexes 

where the former complex denotes the Cech complex for Aff{B , Z) with respect to the open 
cover W . 

Proof. Consider first w & ^ a vertex. By Lemma f5. 131 there is a canonical isomorphism 

r(X„ \ qZ\Z),M^) = TiX^ \ qZ\Z),Mf^^^^^J © Zp. 

Now Ai^^ jj -J is the sheaf of rational functions on X^ with zeros and poles only along D^. 
Thus, since q~'iZ) C D^, elements of r(X^ \ q^^Z), Mf^^^^^J/TiX^ \ q-\Z),O^J 
correspond to principal Cartier divisors on X^ with support on D^, hence by Remark 15.171 
correspond to linear functions on A^. In addition, p G r(X^ \ q~^{Z),A4^) corresponds 
to the constant function taking the value 1 on A^^. Thus r(X^ \ q~^{Z), J^^)/T{Xiij \ 
q~^{Z), Ox^) is isomorphic to the subgroup of PA(id : w w) = VC^{B, Z)yj consisting 
of affine linear functions. This gives a canonical isomorphism 

Aff{B, Z)^ = T{W^, Aff{B, Z)) ^ r(X^ \ q;^\Z),M^^)/V{X^ \ q~\Z), O^J. 

We next consider the general case. Let ctq — ■ ■ ■ — ^ (Xp be a chain of morphisms defining 
some element of Bar(^). Write W = Wcro-,...^crp- Pick a vertex w G ctq and a morphism 
w ^ aQ. Then w G W, and by parallel transport from a basepoint inside to we 
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can identify T(W, Ajf{B,Z)) canonically with a subgroup of Aff\B,lj)yj invariant under 
monodromy in W . We then define a map as the composition 



T{W, Aff{B, Z)) ^ Aff{B, Z)^ = T{W^, Aff{B, Z)) 



T{X^\q-\Z),M^^) 
r{X^,\q~^{Z),O^J 



We need to show this map is independent of the choice of w, so choose ei : wi ^ ctq 
and 62 : W2 — ^ ctq. Now if we choose some ap ^ a E ^max, we can identify Aff{B, Z)^^ 
with Aff {B,'Ij)^2 parallel transport ip from Wi into lnt{a) to W2. On the other 
hand, let /j be the composition Wi-^aQ — >ap. Then we have the canonical isomorphism 
(j) '■ PA(/i) PA(/2) given by Remark 15.161 This gives a (not necessarily commutative!) 
diagram 

Ajf{B,zy^, ^ PA(/i) 
i/j (j) 

Aff{B,ZU ^ PA(/2) 

The second vertical map is defined on each maximal cone of a'^^T.yj. corresponding to 
(Tp — >• cr' G <^max by parallel transport from Ajf{B, to AjJ{B, li)^^ through a'. Thus 
if the parallel transport of A G AjJ{B,Z)u,i to Aff{B,'L)w2 is independent of the choice 
of (Tp a\ then a2{ip{\)) = 0(ai(A)). This holds in particular if A G T{W, Aff{B, Z)) C 
Aff{B,Z)u,i. This shows well-definedness. 

Finally, it is easy to check this is sufficiently canonically defined so as to give a map of 
complexes. □ 

We are now in a position to carry out the calculation of H^{X \ Z, in a way which 

is formally the same as the calculation of the moduli of log Calabi-Yau spaces of §5.1. 
However, this construction will be completely dual. 

Theorem 5.19. Let {B, ^) be positive and simple, and s lifted gluing data determining 
a log Calabi-Yau space X"^ = Xq{B^I^^s)'^ by Theorem \5.'A (2). Then there is an exact 
sequence 

^ H\B,k'')^H\X\Z,Mf)^H\B,Aff{B,Z)) 

H\B,k'') ^ H\X\Z,Mf) H\Q*) H^{B,k'') 

with an injection (B , Aff{B , Z)) ^ H^{Q') which is an isomorphism when tensored 
with Q. Furthermore, if A(r) of Definition \1.61A is a standard simplex for each t G 
^ with dimr ^ 0,dimi?, rather than just an elementary simplex, then H^{Q') = 
{B , AfJ{B , Z)) . This holds in particular if dim B < 3. 
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Proof. Step 1. H^{Xr \ q;\Z),0^^) = k"" . Thus, in particular, r(X \ Z, J') is the 
simphcial cochain complex with respect to the triangulation Bar(<^^) with coefficients in 
fc^, and H\T{X \ Z,I*)) = H\B, k""). 

Proof. If a G H^{X^ \ q~^{Z), Ox^), then the divisor of zeros and poles of a is a divisor 
supported on q~^{Z). But then by the linear independence statement of Corollary 15.81 a 
must be constant. □ 

Step 2. Let C* {W , Aff {B , Z)) Q* be the inclusion of complexes of Lemma 15. 181 Then 
H\Q*/C'{W,Aff{B,Z))) = 0. Thus in particular H^Q') = H^{W , Aff{B ,Z)) and 
H\W,Aff{B,Z)) H\Q') is injective. 

Proof. To give an element of H'^{Q*/C*{W,AfJ{B,Z))) we give for each r G ^ an 
element 

Xrerix,\q;\z),M?')/k^ 

defined modulo T(Wr,Aff{B,Z)), and such that for e : tq —>■ ti, Fs^s{^)*{Ko) = 
mod r{We,Aff'{B,Z)). But for a vertex v, in fact 

TiX,\q;\Z),Mf)/k>^ = T{W,,Ajf{B,Z)), 

as we saw in the proof of Lemma [5.1 8^ so we can take A^, = 0, and so for fixed r and any 
e : w ^ r. A, G T{We, Aff{B,Z)) = T{W^, Aff{B,Z)) = Aff{B,Z)^. Now the restriction 
map T(Wr,Aff{B,Z)) Aff{B,Z)^ is injective, and if A^ is not in the image of this 
map, it is because A^ is not monodromy invariant with respect to some loop determined 
hj Ci : Vi ^ T, i = 1,2 and fj-.r^ aj G ^max, j = 1, 2, passing from Vi into the interior 
of (Ji to V2 into the interior of cr2 to Vi. Thus parallel transporting A^ G Aff{B,Z)^^ 
from Vi to V2 through o"i and (T2 gives different functions. Thus A,- G PA(ei) is an affine 
linear function since A^ G r{We^,Aff{B,Z)), but as an element in PA(e2), it is no longer 
affine linear but only piecewise affine. This contradicts A,- G r{We2, Aff{B,Z)). Thus 
A, G T{Wr, Aff{B, Z)), so we can take A, = 0. Thus H^{Q'/C'{W, Aff{B, Z))) = 0. □ 

Step 3. Let T e ^ and A G r(X^ \ q:;^{Z),M^^). For any e : v ^ t, denote by A<^ 
the corresponding element of PA(e) fLemma I5.15|) . Suppose furthermore we have made 
choices of (i^'s and dp's as in §1.5. Then if / : r — > p, with codimp = 1, we obtain 
: p — > 0"^, defining maximal cones K"^ of r~^T,y, and A"^^ G Aff{B, Z)y, the restriction 
of A'^ to K^. Then define D{X, e, /) G Z so that 

D(A,e,/K = A^--A^+. 

Now let (Ae)e:ro^Ti G bc a 1-cocycle for the complex Q', with Ag G r{Xr^\q:;^^{Z), Mf^)/ 
k^ = r(X^j \ q~_^^ {Z) , Ai^) for e : tq ^ Ti. Then (Ae) satisfies a condition dual to the 
Condition (LC), namely: Let p G be a codimension one cell, vi,V2 vertices, t ^ 0^ 
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with a diagram 




P 



Then if T^^^g^ = 0, we must have 

Proof. First consider the case that vi and V2 are endpoints of a one-dimensional u & 
so that we have 




T 



Then because (Ag) is a cocycle, we have 

We will first show that if T/^^^ = 0, then D{Fs,-s{hy{XkJ,gi,f) = for z = 1,2. First 
note that D{Fs^s{h)*{Xki), gi, f) = -D(Afc-, ki, f o /i). By Lemma 15.131 we have a splitting 
= -^^x^ z)„)® (^^^®^'^)' make this splitting more explicit, choose an element tj G 
r(X„^, ^ P which vanishes exactly once along the stratum X^^ C X^.. This restricts 

to an element U G T{X^ \ gj^(Z), A^g"), and we can then write = A^{x„,d^) © C^U © 
Zp). Identifying tj and p with their images in Ai^ , we can then write A^. = Uj + a^tj + 6jp 
for Ui G r(X^ \ (Zj^l^), A^^x^^D^)) and a^, 6j G Z. By definition of Q', Xk^ is in the image 
of the map r(X^ \ gj^(Z), TW^p) ^ r(X(^ \ gj^(Z), A^ff" ), and since U and p are already 
in the image of this map, so is Ui, and so Ui maps to zero in Pic(X^ \ q~^{Z)). Then by 
construction, if we view ti,p G PA{ki), ti is a linear function and p is constant, so 

D{Xk^, ki, f oh) = D{ui, ki, f o h). 

Now Ui determines a Cartier divisor Ci on supported on D^^, and as an element 
of PA{ki), by Remark 15. 17^ Ui is just the pull-back of the corresponding piecewise linear 
function on S^. Furthermore, D{ui, ki, foh) can be interpreted as an element of Pic(Xp) = 
Z (see jnZI, Lemma 2.11), and as such is the pull-back of Ci to Xp. On the other hand, 
since Ui maps to zero in Pic{X^\q~^ (Z)) , Ci must be a principal divisor, i.e. there exists a 
rational function a on X^ with divisor of zeros and poles (a) = Ci + aZ^, where Z^ is as in 
the proof of Corollarv l5.8l the single irreducible component of q~^{Z) of codimension one. 
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Thus Ci + aZ^ ~ on X^, and the restriction of Ci + aZ^ to Xp is zero. But if Tf^g^ = O5 
"^6162 ~ "^/o/i = 0, so Ufoh = 0, and so it follows from Remark 11.561 and Theorem 13.281 
that Z^ is disjoint from Xp. Thus Ci restricts to zero on Xp and D{ui, ki, f oh) = 0. Thus 
= D{Xk^, k,, foh)= D{Fs,sihy{XkJ,g^, f) as desired. 

We then conclude that D{\g^,gi,f) = D{Xh,gi,f). But if T/^^^ = 0' ^^en D{\h,gi,f) 
is also independent of i, so D{Xgj^, gi, f) = D^Xg^, g2, f)- 

To conclude for the general case, we can use the above special case if there is a sequence 
of one-dimensional subcells uji, . . . , Um of r with endpoints of Ui being Wi and Wj+i, with 
vi = wi and V2 = Wm+i, such that T^^^.^_^ = 0. To see this, consider the fan Sp, with the 
function ipp of Remark 11.561 By positivity tpp is convex. However ipp is determined by the 
same element of Ap on both the cones Vi and V2 of Sp if m^^'^^ = 0. By convexity of ipp, 
one can then find a sequence of maximal cones wi, . . . , Wm+i of Sp containing f for which 
ijjp is still given by the same element of Ap, and such that Wi fl Wi^i is a codimension one 
cone, i.e. Ui for some dimension one cell Ui C r. This proves the claim. □ 

Step 4- The inclusion {W , Aff' {B , Z)) ^ H^{Q') is an isomorphism when tensored 
with Q, and is an isomorphism over Z if the additional hypotheses on the A(r)'s are 
satisfied. 

Proof. Given a 1-cocycle (Ag) representing an element of H^{Q*), we would like to find 
{U)rs^ with tr G r(X^\g-i(Z),A<f such that for e : n ^ T2, tr^ + Xe- Fs,-s{ey{trJ 
is in the image of r(PFe, AfflB, Z)). This is proved in exactly the same way as the proof 
of Theorem 15. 2t (1), with everything being dual (and additive). Since the proof would be 
essentially word for word the same, we do not repeat it here, but note the one problem 
which appears. The analogue of the function Ur constructed in the proof of Theorem 15. 2[ 
(1), is first defined as a function Ur : (Ta^ fl A^) + ■ ■ ■ + (Tap fl A^) — > Z. However, in 
general, this extends to a function A^ — > Z only after multiplying Uj. by an integer. This 
is the same as multiplying the representative (Ag) by an integer. Thus we only get an 
isomorphism over Q. If, however, A(r) is always a standard simplex, then A^ splits as 
(Tai n A^) © ■ ■ ■ © (Tap n Ax) ©L for some free Z-module L, and then Ur can be defined □ 
Step 5. To complete the proof, we now take the long exact cohomology sequence 
associated to the exact sequence r{X \ Z,X') — > r{X \ Z, ^•) — — ^ 0, and use 
steps 1,2 and 4, as well as LemmaEIBl Finally, Hp{W , AjJ{B,Z)) = HP{B,AjJiB,Z)), 
as can be shown in the same manner as in Lemma 15.51 Any elementary simplex of 
dimension < 2 is standard, hence the last statement follows if dim 5 < 3. □ 

Remark 5.20. In case B is compact every global affine function is constant by Proposi- 
tion [1101 Hence H^{B,Aff{B,Z)) = Z and p G H^{X \ Z,Mf) maps to a generator. 
Thus the sequence in the theorem splits into two short exact sequences, the first just 
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giving 

H\X\Z,Mf) = A;^ X Z. 
Taking into account Proposition 12.381 the second sequence reads 

Pic"(X) ^H\X\ Z, Mf) ker {H\Q') H\B, A;^)) 0. 

Thus we see that the logarithmic Picard group H^[X \ Z,M.^^) contains Pic^(X) as a 
subgroup, and the quotient is discrete. □ 

From the exact sequence of Proposition 11.421 we get 

Corollary 5.21. If H'{B,Z) = and H\B,k'') = fori = 1,2 and A(r) ts a standard 
simplex for each t & then 

H\X\Z,Mf)^H\B,i,A). 

Without these hypotheses, if H^{B, Q) = for i = 1,2, 

H\X \ Z, Mf) ® Q = H\B, i,A) ® Q. 

Example 5.22. (1) Suppose B = M/nZ, ^ arbitrary. Then Aff{B,'L) is in fact a local 

(1 n\ 
^ 1 . Also, X = Xo{B, , s) is a cycle of 

rational curves, and it is not difficult to see that H.^{X,hA^^^ = /c^ x Z, generated by 
constant functions and p. Then the exact sequence of Theorem 15.191 gives 

^ k"" ^ k"" X Z ^ Z ^ k"" ^ H\X, Mf) ^ Z ^ 0, 

so H\X,Mf) = fc^ X Z. See ^ and ^ for discussions of H\X,Mf) for X a curve. 

(2) Suppose B is the base of an elliptic fibration on a K3 surface f Example II. 17|) which 
is integral and has 24 singular points, and a polyhedral decomposition ^ with B, ^ 
simple (or alternatively, construct B as the dual intersection complex of a suitable toric 
degeneration of K3 surfaces). Set X = Xo{B, 0^ , s). One can show that H^{B, ■i^.A) = Z^°, 
and H\B, Aff{B, Z)) is the kernel of a boundary map H\B, i^A) H^{B, Z) = Z, and 
hence is either 19 or 20 dimensional. Finally we have 

O^H\X\Z, Mf) H\B, AfJiB, Z)) ^ k"" 

from Theorem 15.191 The last map will depend on the choice of open gluing data, giving 
a range of possible values for H^{X \ Z, M^)- 
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5.3. Mirror symmetry and conclusions. We first define 

Definition 5.23. Let X be a toric log Calabi-Yau space over an algebraically closed field 
k, with dual intersection complex B. Then the log Kdhler moduli space of X is defined to 
be H^{B,i^A®G.mik)). 

Theorem 5.24. Let {X,C) be a polarized log Calabi-Yau space with degeneration data 
(5, if). Suppose B is positive and simple. If {B, (p) is the discrete Legendre trans- 
form of {B, ^,(p), then the set of log Calabi-Yau spaces with dual intersection complex 
{B, J^) modulo isomorphism preserving B is naturally isomorphic to the log Kdhler moduli 
space of X . 

Proof. This follows from Theorem 15.41 and the fact that A-^" = A^" by Proposition 11.501 

□ 

Of course, at this point the reader may object that we have simply defined the log 
Kahler moduli space to make the above theorem work. Thus a bit more justification 
seems to be in order. The calculations of §5.2 say that H^{B,i^:A) has something to do 
with the logarithmic Picard group, which in turn should have something to do with the 
smoothing of X, should such exist. This is perhaps weaker evidence than one would like. 
However, in |25) we will define logarithmic Hodge groups H^''^{X) for X a log Calabi-Yau 
space, and compute these groups. In certain cases, these coincide with H''{B, i^. /\^ K®ik). 
Furthermore, we will show in these cases these groups have the same dimension as the 
dimension of the Hodge groups of a smoothing. Thus H^'^{X) is directly related to the 
Kahler moduh space. In addition, //"-^'^(X) = H^{B, A"~^ AO^A;) = H^{B, i,A0zk) if 
the holonomy of B is contained in Z" xi SL„(Z) rather than in Z" x GL„(Z). (This property 
does not follow from orientability of B). As is then the same dimension as the 

moduli space of a smoothing of X, we see that the moduli space of log Calabi-Yau spaces 
H^{B,i^A ® Gm{k)) has the correct dimension. 

Another motivation comes from jTHj. There it was suggested that ii f : X ^ B 
was a simple torus fibration, it was natural to consider the -B-field living in the group 
H^{B, i?^/=K(]R/Z)). This was a somewhat different proposal than is usually considered in 
the physics literature, in that it depends not just on X but on the fibration. However, 
we feel it is the natural group, and some moral justification for this was given in [TB] . 
(The reader should of course keep in mind we do not yet have a satisfactory mathemat- 
ical definition of mirror symmetry, and therefore it does not make sense to prove such 
assertions). 

Thus this suggests that the complexified Kahler moduli space lies naturally in H^{B, 
-R^/*(C/Z)) = H^{B, {R^f^:Z) ® C^). On the other hand, if / was a special Lagrangian 
fibration, the base B would carry two affine structures (with singularities) related by a 
Legendre transform (2^. In the one coming from the complex structure, we naturally 
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have R^f^'L = i^A. Thus in this context, the definition of the log Kahler moduh space as 
appears to be the correct one. The fact that this is indeed isomorphic 
to the moduh of log Calabi-Yau spaces for a "mirror" supports this. 

At any rate, we have now achieved mirror symmetry for polarized log Calabi-Yau spaces: 

Definition 5.25. Let {X, C) and {X, C) be two polarized log Calabi-Yau spaces with 
degeneration data [B, j3^,ip) and {B, ^,ip) respectively. If these are related by a discrete 
Legendre transform, we say (X, C) and (X, C) are a mirror pair of log Calabi-Yau spaces. 
In particular, if B (and hence B) are positive and simple, then there is a canonical 
isomorphism between the log Kahler moduli space of X and the set of log Calabi-Yau 
spaces with dual intersection complex (5, ^) modulo isomorphism preserving B. 

Example 5.26. Let S be a refiexive polytope, and consider a toric degeneration X ^ S 
constructed as in Example 14. 29^ and let X ^ S be constructed similarly using the dual 
polytope S*. Let X = Xq and X = Xq. Polarize X and X by the anti-canonical divisors 
C = Opg, (l)|x and £ = Of^{l)\x respectively. Then by Example 11.531 it follows that 
{X, C) and {X, C) are a mirror pair. Note in this case we don't expect (5, ^) to be 
simple, so we don't expect the isomorphisms between Kahler and complex moduli. This 
is because the generic fibres X^ and A"^ are not in general smooth, or MPCP resolutions. 
Different polarizations and degenerations are required to achieve this, see |18j . 

Our goal, of course, is not just a version of mirror symmetry for log Calabi-Yau spaces. 
We still need to address a number of questions to make use of the program we have begun 
here. Principal among these are: 

(1) We are really interested in toric degenerations of Calabi-Yau varieties f : X ^ S. 
To use the mirror symmetry above to study mirror symmetry of non-singular Calabi-Yau 
varieties, we need to compare the log invariants of X = X^ with the usual invariants of 
the generic fibre Xf^. For example, we expect in the simple case that h^''^~^{Xfj) coincides 
with the dimension of the moduli of log Calabi-Yau spaces with the same dual intersection 
complex as X. This should follow from the right sort of base-change results. Many of the 
necessary ideas for proving such results are already present in the literature for log smooth 
morphisms; we however have the singular set Z to worry about, which complicates things. 

(2) To turn these ideas into a genuine mirror symmetry construction, we need to study 
the log deformation theory of log Calabi-Yau spaces, a la Kato and Kawamata- 
Namikawa jSHj- Again, we hope in the simple case that a log Calabi-Yau space is always 
the central fibre of a toric degeneration. The Bogomolov-Tian-Todorov type results of [23 
give some moral support that such should be true. However, the presence of the singular 
set means we cannot apply known results off the shelf. 

(3) We believe this approach will provide a very general mirror symmetry construction. 
It incorporates Batyrev-Borisov duality, as is explained in ^H]. It also includes mirror 
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symmetry for abelian varieties, but it would be nice to know it gives some genuinely new 
constructions. 

(4) This approach should be connected more explicitly with the SYZ approach. It is 
clear that our approach is a discretization of the SYZ approach, in that the Legendre 
transform is replaced by the discrete Legendre transform. However, we would like to see 
torus fibrations when we work over C. Some results in this direction were stated in [T^ . 
The proof of these results will appear in [20], along with more precise results in the simple 
case. 

(5) Much more generally, the log philosophy says that things you want to compute 
on smoothings can be computed using logarithmic analogues on the degenerations. For 
example, we hope it should be possible to define log Gromov-Witten invariants |31] which 
will coincide with those of a smoothing. The results of [S| and jHE] suggest that this 
should be possible by counting certain piecewise straight graphs on B ("tropical curves"). 
In addition, the philosophy presented in this paper is that invariants of toric log Calabi- 
Yau spaces can be computed doing calculations on B. This is the general philosophy we 
hope to push further in order to understand mirror symmetry. 

The sequel to this paper j2l] will address questions (1) and (2). However, our work in 
this direction is still too preliminary to give specific statements here. 

So there is still much work to be done to make the logarithmic approach to mirror 
symmetry realise its full potential. We hope the results presented here already provide 
ample evidence that logarithmic degeneration data capture the essential features of mirror 
symmetry. 

Appendix A. Simplicial and Polyhedral Complexes 

The purpose of this appendix is to collect some facts on complexes arising from a poly- 
hedral decomposition. We first treat the case of abelian groups and then sheafify. 

A.l. Barycentric complexes. Let ^ be the face poset of a (i- dimensional polytope S. 
Assume that (M^)^g,^ is a category of abelian groups indexed by that is, a functor 
Cat(,^) — >■ Ab. For T,a & t G cr denote by ipcrr '■ — > Mo- the homomorphism of 
abelian groups thus given. Then {prr = id and ipar o '^tuj = <^auj whenever C r C a. For 
notational convenience we write fa{f) instead of (parif) whenever / G Mr and r C a. 
Denote by ,^''^1 C ^ the subset of /c-dimensional faces. 

The barycentric cochain complex (C*^^, (i*^,^) associated to {M^) is the complex of abelian 
groups C^ct = ©o- Ccr c Co- . ^o-fe of simplicial cochains with differentials 




k+l 




i=0 
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Here and in the following entries with a hat are to be omitted. This is indeed a complex 
as one easily checks. There is generally no reason for this complex to be acyclic, but it will 
be once (Mg-) has the following extension property. For 0^' C ^ let us call a collection 
jr e M^, r e compatible if ^ai^fr) = 'faifr') for any r, r' G <^', a e ^, t,t' C a. 
We consider the following condition. 

Any compatible collection {fa)a&s^' indexed by any 0^' C 0^ extends to a com- 
patible collection {ga)ae.^j that is, g^j G M^. and = fa for a G 0^' . 

Proposition A.l. // Condition {*) holds then the barycentric cochain complex associated 
to (Mct) is acyclic. 

Proof. We wish to write a simplicial cocycle {fao...ai,){ao,...,ak) the coboundary of a sim- 
plicial (/c — l)-cochain ((^o-q - o-j., J(o-o,. -,o-fe-i)- construct gao---a^_i by descending induction 
on m = dimcTfc-i = d + 1, . . . ,0. The induction hypothesis is that 

k 

(19) /<XO...<Xfe = j](-l)V<7fc(^ao...a,...<xJ, 

i=0 

whenever dim(Tfc_i > m. The induction starts at m = d + 1. Condition ()19p is empty 
at this stage because 0* is the face poset of a dimensional polytope. For the induction 
step consider o"o C . . . C a^-i with dim(Tfc_i = m — 1. We want to find gao...ak_i such that 
for any containing crfe_i 

fc-i 

1=0 

This is the required equation for fao...ak, and all terms on the right-hand side are known 
inductively. Now view the right-hand side as a collection of elements indexed by 0" = 
{cTfe I cTfe-i C (Tfe}. By Condition (*) gao...ak-i then exists if this collection is compatible, 
that is, if for any ak+i D Ck-i the expression 

k~l 

(20) (/^^fc+i (/ao...a, - ^{-iygao...B....a, 

does not depend on for a^^i C C (Tfc+i- For z < /c the induction hypothesis implies 

•j-l k+l 

fcTQ...a-i...ak+i ~ '^^{~^y 9cTQ...aj...ai...cTk+i ~ ^ ^ (^ 1 )''Vo-fe_|_i (fi'(7o...CTi ...ffj ...(Tfc+l ) • 
j=0 i=j+l 

Plugging this into the cocycle condition 

k 

V^O-j.,,.! (/(TO-.-O-fe) = (~1) y~l (~l) /o-O-.-S^i.-.O-fe + l) 

i=0 

the first term of ^ gives fao...ak-i<Jk+i (^ ~ ^) plus a sum over gao...ai...aj...ak^i- For < i < 
J < A: the coefficient of ga,...^,...^^...^,^, is (-1)'^ times + (-l)-'(-l)' = 0. 
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Contributions involving ifcrk+ii9cro...$i...crk) come from the second term in ()2()|1 and from 
j = k + 1] they cancel as well. Thus (pUj) equals 



k-l 



/o-0---O"fc-lO-fe + l "I" ( -'-) ^ -'-) ( -'-) "( fl'o-O...Si...CTfc(Jfe + l)- 



i=0 



This shows the claimed independence of ((201), ^^^1 hence the existence of gao...ak-i- ^ 

A. 2. Polyhedral complexes. The second type of complex that we deal with is non- 
simplicial. We start with the same kind of system {Ma)a^.9' of abelian groups as in the 
previous subsection. The following construction depends on a choice of orientations of 
the faces of H. Comparison with the standard orientation of the boundary of a face gives 
a sign sgn(r, u) whenever t <Z u and dim(a;) = dim(r) + 1. Similarly, if do C . . . C 0"^ and 
dim (Ji = i comparison of the natural orientation of the simplex (do, CTfc) of the barycen- 
tric subdivision of ak with the chosen orientation defines a sign sgn(((To, . . . , 0"^), ak)- 

We can then define the polyhedral cochain complex {C'^^, d'^^) associated to (Mo-) as 
the complex of abelian groups C^^^ = 0^g<^[fc] of polyhedral cochains with differentials 

To check that the composition of differentials vanishes, recall that if is a (fc + 1)- 
dimensional polytope and a G u has codimension 2 then there are exactly two /c-dimen- 
sional facets C with a G t"^ G u. Because the orientations on a induced by the 
orientations of r"*", r~ as facets of u differ, it holds 

(21) sgn(cr, r+)sgn(r+, uj) = -sgn(a-, r")sgn(r", uj). 

Therefore, 

(4m°4m(/^))^ = sgn(a,r)sgn(r,w)((^^^o^^o)(/a) 

= Y (sgn(o-,r+)sgn(r+,tj) + sgn(cr,r")sgn(r",u;))v9<^o(/<7) = 0. 



dim (7=k—l 



Proposition A. 2. // Condition (*) holds then the polyhedral cochain complex associated 
to (Mcr) is acyclic. 

Proof. Let {fT)T(^.9>\k] ^ C*phd fulfill the cocycle condition that for any oj E ^[^+^1 

^Sgn(r,0^) ■ if^rifr) = 0. 

TCU! 
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For any {k — l)-cell a we have to find E with the property that for any r G ^^'^^ 

fr = J^Sgn(a, r) ■ ^ra{9a)- 
aCT 

The construction of g^j is in three steps. Steps 1 and 2 produce a simphcial cocycle out 
of which by Proposition lA. II mav then be written as a simphcial coboundary; Step 3 
translates back to the polyhedral setting. 

Step 1. The aim of the first two steps is to transform, in a sense, {fr) to a cocyle in 
C^^^. For each r G ^t'^' choose a maximal chain tq C n C . . . C = r and write 
r = (to, . . . , Tfc). For (Tq C (Xi C . . . C cTfc with dim cTj = z we then put 



(22) /, 



O"0---O"fc 



(-l)'=sgn(r, r) , (ctq, . . . , cifc) = (tq, . . . , r^) 
, otherwise. 



It remains to define /o-o...o-fe_ia; for dimu; > k. 

In this step we deal with the case dimu; = k + 1. Since u; is a polytope it can be built 
up by consecutively attaching {k + l)-simplices from its barycentric subdivision, keeping 
it a cell in each step. This means that there is an order among the [k + l)-simplices 
(ctq, . . . , (Tfc, CTfc+i = oj) with the property that any two consecutive elements intersect 
along a /c-simplex, and all but the last cell are attached along a union of at most k of 
the k + 1 facets not lying in du. Let S^, k = 0, . . . , -fC be the cell obtained after the 
K-th attachment. Assume fao...ak is constructed for all /c-simplices contained in for 
< hi < kq < K, and S^o equals S^o-i with the {k + l)-simplex ((Tq, . . . , (Tk+i = uj) 
attached. Then fa-o...Bi...cT,,+i is not defined for a non-empty subset / C {0,...,k}. Put 
/ao...s,...<7fc+i = for z < max(/), i G /, and 

/(TO---CTmax(/)---'^*:+l ( ^) ^ ^ ^ ^ ( ^ ) Vo-fe + i (/(To • • -^i ■ ■ -(^ti + l ) ) 

iG{0,...,max(7),...,fc+l} 

to fulfill the cocycle condition on (ao, . . . , (Jk+i). By induction from kq = to = K — 1 
this determines fao...a^ satisfying the cocycle condition on every {k + l)-simplex of the 
barycentric subdivision of uj except possibly on the one (ctq, . . . , o"fc+i) attached in the 
i^'-th step. Adding the already known cocycle conditions on all other {k + l)-simplices 
contained in uj gives the expression 

k+l 

^ sgn(((To, . . . , (Tfc+i), a;) 5]](-l)Vc.(/<xo...s....afc+J- 

(T()C;...C(Tfc+i i=o 

For i < k the coefficient of '■Puj{.fao-^i---^k+i) is zero, because this term occurs in the sum 
exactly twice with opposite signs, cf. (j2H)- The remaining expression is 

^ sgn(((To,---,c^fc+i),t^) (-l)''^Vc.(/ao...^7j = - X] sgn((r,w),w) sgn(r,r)v?. 
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As sgn((r, cu), cj) sgn(r, r) = sgn(r, ci;) this is nothing but (iphd(/T)r! which vanishes by- 
assumption. 

Step 2. Now let us assume fa-Q...ai^ has been constructed inductively for dimcr/^ < tti fulfill- 
ing the cocycle condition on any m-simplex. Let u be of dimension m+1 > k + 1. Then for 
(To C . . . C cTfc+i C du the cocycle condition on (ctq, . . . , cTk+i) holds by induction assump- 
tion. Applying gives E?=o (-l)V^(/<7o...a,...a,+i) = 0. Thus {<^Mao...a,...a,+,)) ^^^^^^ is 
a simplicial /c-cocycle on du = with values in M^^. But m > k and hence H^{du, M^) = 
by the universal coefficient theorem. Therefore there exists (/i(To...o-fe_i)o-fc_icSw with 
(-l)*^+Va;(/ao...<Tj = -E!=o(-l)*^'^o...^,...^fc- Putting fao...a,_,u^ ■= ^^c cocycle 

condition continues to hold on any (ctq, . . . , CTk+i) with a^+i C cj. 

S'fej* By Proposition lA.il there exists a simplicial (fc — l)-cocycle gao...ak-i with fao...ak = 
Yli=o(^^y9'^Q---^i---(^k- Now we want to revert to the polyhedral setting. For a G .^^''"^^ 
put 

9a = ^ sgn((ao, . . . ,(Tfc-i),a)5(^(,...<Tfe_i- 

(ToC...C(7fc_l=0- 

Then for any r G .^'''^ 

^ sgn{a,T)ipr{ga) = ^ sgn((cTo,...,cJfc_i),afc_i)sgn(afc„i,r)(/?^^(^^„...^^ 

^ sgn((ao,...,afc),r)(-l)*^'^(-l)Va,(^ao...?....a, 
Yl sgn((ao,...,afc),r)(-l)V<xo...a,. 

(ToC...Co-fc=T 

= sgn(r,r)(-l)Vro...r, = /r. 

To verify the second equality consider the coefficient of 5'o-o...?i...o-fc- For < i < k — 1 there 
are exactly two i-cells between cxi-i (empty for 2 = 0) and (Tj+i. Now g -rj con- 
tribute with opposite signs, just as in This exhibits (/t)t as polyhedral coboundary 
as desired. □ 



A. 3. Complexes of Sheaves. Let B be an integral affine manifold with singularities, 
and let ^ be a toric polyhedral decomposition on B. For every a ^ ^ put = 
UrG^i^ Hom(r, cr), partially ordered by (e : r ^ cr) < (e' : r' ^ a) iff there exists 
f : T ^ t' with e = e' o f. There is a natural order preserving map from to the face 
poset of a. If we orient every a G then as in the previous subsection comparison of 
orientations gives signs sgn((Tfc_i, (Tk) and sgn(((To ^ ■ ■ ■ ^ 0"^), Ufc) if dim cTj = i. 

Now let s be open gluing data for {B, ^) over S, and let X = Xq{B, s). Suppose 
that for each cr G we are given a sheaf on X^-, (here we write X„ for X„ x S) and 
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for each e G Hom(r, a) a map 

compatible with compositions. Analogous to the constructions for abelian groups de- 
fine the barycentric and polyhedral cochain complexes associated to (J?v)(Tei#' by ^,^ct — 
00-0^...^^;, 1<Tk*^<Tk and ^phd = 0(^g<^[fc] respectively, with differentials 



fc 



.i=0 




We will use the previous two subsections to give a criterion for exactness of "^'^-^ and 
'^*Yyd- To check exactness, it is enough to do so on stalks. If x ^ X is a geometric point, 
let a be the largest a G <^3^ such that x is in the image under of a geometric point of 
Xfj. Then qr*{J^T)x = unless t C a. Furthermore, the set of geometric points of X,- 
mapping to x is in one-to-one correspondence with the set Hom(r, a). If ?/ — » Xj. with 
= X corresponds to e : r — * cr, let Mg = J^T,y, and if (e : r — > a) < (e' : r' ^ cr) with 
e = e'o/, we have a map ipf : Me — > Mg' induced by ipf : ^ JF^/. This gives 

a barycentric or polyhedral cochain complex (C'^.^, rfbct) or (C'^d, c^phd) associated to the 
system {Me)eeg^^- On the other hand, since Qr '■ Xj. — > X is always a finite map, it follows 
from [33], II Cor. 3.5, that the stalk of qr*^T at x is 0^^t,5; where the sum is over all 
geometric points y of X^ mapping to x. From this one easily sees that the stalks of the 
complexes {^'^^,dbct) and ("^phd; '^phd) at x coincide with the barycentric or polyhedral 
cochain complexes associated to (Mg). Thus if for every point x of X the system {Me)e£a 
satisfies Condition (*) (keeping in mind a depends on x), it follows that the complexes of 
sheaves 'j^'^ and ^'^^ are exact. 

Example A. 3. Take J-'r = Ox^, and let (fe = F5s(e)*, the pull-back of functions via 
F5 j(e). It is easy to check Condition (*) holds. Indeed, to each e G <^^o-, we obtain a 
closed subscheme of Spec Ox, s given by the image of Spec Ox^^y-^ Spec where y 
is the point of Xr mapping to x corresponding to e. Then Condition (*) is implied by 
the fact that given functions on some collection of these closed subschemes which agree 
on intersections, we can glue them to obtain a function on the union of these closed 
subschemes, and then extend to obtain an element of Oxs- 
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Index of notations 



M, N = M* 
Mm, 

Aff(M), AfF(Mi 
B 
Tb 

5:B- 
p:vri(S) 

Lin 

Trans 

Cp 

V 

Ar,A 
Am, A 
AjfiB,M 
9, K 
B, K, 6 



1.1 

free abelian group of rank n and its dual: N = Hom(M, Z) 

group of (integral) affine transformations of M 
n-dimensional topological manifold 
tangent bundle of B 
universal covering 
developing map 
-> Aff(M]R) holonomy representation 

deck transformation given by 7 £ vri(i?) 
linear part of an affine transformation 
translational part of an affine transformation 
radiance obstruction of holonomy representation p 
the flat connection on Tg induced from the affine structure 
local system of flat (integral) vector fields 
duals to AiK and A 
Aff^Bjli) sheaf of (integral) affine functions on B 

Hessian metric on B and a local potential function 
Legendre dual data 



Ac B 
i: Bq^ B 



1.2 

discriminant locus 

inclusion of complement of A 

reflexive lattice polytope 



1.3 





polyhedral decomposition 


V, w 


vertices of ^ 


a, T, oj 


cells of ^ 


Int a 


relative interior oi a ^ ^ 


exp^ : ^ B 


chart at vertex v ^ C Ajr^^ 




polyhedral decomposition of R^ 


a — > (7 


restriction of exp^, to lift a G of a 




local submersion of neighbourhood of Int(fT) contracting a 


cm 


set of maximal cells of ^ 


Bar(^) 


(first) barycentric decomposition of B wrt. 


Wr 


open star of barycenter of r E wrt. Bar(=f^) 


#- 


open covering {W-t t G ^} of B 


A' C 5 


the maximal codimension two subcomplex of Bar(^) disjoint 




from vertices and from Int(fj) for all a G ^max; contains A. 
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Act, Ao-,M 

Cat(^) 
Hom(r, o") 
S(r) 



fan in Ajr^^ induced from generalizes to S,- for r € 
subsheaf of A (Ak) of vectors tangent to cells of ^ 
stalk of A^ {^.'y,'M) at any x € Int(r) \ A 

subsheaf of i^,(A/A_^) of locally flat sections and its realification 
stalk of (Q^,r) at any x G Int(r) \ A 

fan in Qt^m. defined by tangent wedges K^j to cj G ^ containing r 
category with elements 3^ and morphisms one-cells of Bar ^ 
morphisms in Cat (^)\ any e : r — > cr corresponds uniquely to a face of a 
quotient fan of fan S by r G S 

localization of fan S: t~^S = {a + Mr | o" G S, r C cr} 
normal fan of f; fan in A*^ 

sheaf of continuous functions that are (integral) affine on Bq 
sheaf of (integral) piecewise linear functions on B 
a piecewise linear function and the induced piecewise linear 
function on Qa,R 

sheaf of multivalued (integral) piecewise linear functions 



1.4 

Legendre transform oi {B, ^,ip) 
Legendre dual to o" G element of 
dual of reflexive polytope H 



dr. 



0-p , 0-p 

mi 

rpeie2 

2^6162 



rpp 

P 

iri f f 

Te, e -.uj ^ 

He, nie 

A(a;) C 



1.5 

generator of A^, dim a; = 1 
generator of Q * , dim p = n — \ 
vertices of uj ordered by 
morphisms ^ uj 

n-dimensional cells adjacent to p; ordered by dp 
morphisms p o"^ 



Vi 



T and gi : T ^ ai 



primitive loop distinguished by fi 
monodromy along Iflfl 

T^^^'^_ ; monodromy around one-dimensional u £ ^ with 
respect to adjacent tri, (72 G ^max 
element of Q* determining T^i^2 



p9p 9p 
/l/2 



; monodromy between cr+, o"„ through vi, V2 



element of Ap determining T^^^^ 

distinguished primitive monodromy for dim u> = 1, dim p = n 
multiples of d^^ and dp, respectively, determining 
PL-function on T,^ determined by n^^'^, ei : oj ^ ui 
PL-function on Tip determined by m^^^^^, fi'.Vi^p 
in the positive case, Newton polytope of ip^^ 
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A(p) C Ap^K in the positive case, Newton polytope of -i/^p 

Ae(T) C A(w) face determined by e : u; ^ r 

Ae(r) C A(p) face determined by e : r — > /o 

c!^i(r) sets of morphisms {e : u; — > r | dim a; = 1} 

3^n~\(j) sets of morphisms {/ : t ^ p | dim p = n — 1} 

A(r) in the simple case, simplex built from Ae(T), e € ^i{t) 

A(r) in the simple case, simplex built from Aj(r), / G ^„_i(t) 

2.1 

A base ring 

C(cr) cone over <t e =^ in A^^m. © 

Pa cia) n (A, e z) 

X Proj P,, 

F gluing functor for cone picture ^ B a ^ 

s = {se)e:^a- gluiug data for cone picture: Se € Hom(PT-, Gm(^)) 

Fa,s gluing functor for cone picture, twisted by s 

Xo{B, s) Proj(limFA_s); glued scheme in cone picture 

2.2 

X{T,) toric variety for fan S 

o"^ dual of cone a 

F gluing functor for fan picture ^ 3 a X^ 

We connected component of Wra selected by e : r ^ cr 

S base scheme 

s = (se)e:T^(T closcd gluing data: Cech 1-cocycle for Qg? (g) Gm{S) wrt. W; 

also: open gluing data, see below 

Fs^s gluing functor for fan picture, twisted by s 

Per distinguished element of Pa 

dP {da n iV) U {oo} 

V{a) C U{a) SpecZ[9P^] C SpecZ[P„] 

9\ etale equivalence relation on Yiae^mB.^^ ^i^) ^ 

Co for a; C cr S =^max corresponding face of C((t)^; 

also, corresponding element of T,^ 

U{t) SpecZ[C7(T)^ n (iV©Z)] 

V{t) toric boundary of U (r) 

<^ 0-10-2 1 ^6162 gluing isomorphisms 

Ke for e : r — > fj the corresponding cone in E,- 

Ve SpecZ[Kg^ n Q*] (e : T ^ a) 
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PM{t) piecewise multiplicative functions on f: T{f,-K*{Q£^ ® Gm{S))) 

s = (se)e:T->o- Open gluing data: Sg G PM{t) for e : r — > cj; 

also: closed gluing data, see above 

Z^{I^, Qgi GrniS)) group of open gluing data 

(5)) trivial open gluing data 

s = (se)e:r^o- closcd gluiug data associated to open gluing data s 

<I>eie2 (s) gluing isomorphism twisted by open gluing data s 

9\eie2 graph of $6162! component of 9\ 

Xo{B, ^,s) glued algebraic space in fan picture: Uo-G.^^'max^^^'^) ^ 5)/9^ 

Pa for a E ^max the morphism V{a x S) ^ ^oiB, s) 

Pic^(X) group of isomorphism classes of numerically trivial line bundles on X 

LOx dualizing sheaf of X 

3.1 

Ox '■ -Mx ^ Ox log structure on X 

q : Mx —>■ Mx morphism to "ghost sheaf" Mx = Mx/Ox 

M(x,D) log structure on X defined by divisor D C X 

Spec standard log point (Spec /c, N © Grn{k)) 

3.2 

P toric monoid; here: P = M.x,x for a fine log structure Aix 

TZ local relation sheaf Mx 

p, p section of A4x with a{p) = and its image in M.x 

X^ space X together with "ghost structure" 

CSxs sheaf of germs of log-smooth structures of given ghost type; 

'I) 



subsheaf of £xt^{M^x/p^ ^x) 



3.3 

V V{a) xG-'^ = Spec k[dP © I/] 

T a subsheaf of 7iom{Tl, Oy) mapping onto CSy 

Er for a 2-face r a cyclic choice of orientations of its edges 

s"" germ of s E r(f, 7r*(Q^ © Gjn{k))) at a vertex v. 

s""^ / s"^ if dim a; = 1 and ^ uj are the two vertices 
D{s,uj) defined by s"^ = © D{s,uj); global version: D{s, e, f) 

generalization of s*' for the case with self-intersections; h : v ^ t 
D{s,e,f), D{s,uj,a) for e : uj ^ t, f : t ^ a, dimtij = 1, dimo" = n, the element of k^ 

defined by s''' /s''^ = d^® D{s, e, /) 
Mu) line bundle on X^ corresponding to the PL- function ijj^ on S^^; 

4.1 

S base of toric degeneration: spectrum of discrete valuation ring R 
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X total space of toric degeneration 

generic fiber of toric degeneration 

Xq central fiber of toric degeneration 

u : Xq ^ Xq normalization map 

Z d X , Z d X log-singular set; closed set of relative codimension two; 

Xt = (X, Mx) log Calabi-Yau space 

V : X ^ X normalization 

Cat(X) category of toric strata of X 

Strata(X) set of toric strata of X 

LPoly category of lattice polytopes 

LP : Cat(X) LPoly functor used to build dual intersection complex 



4.2 

C (ample) line bundle on X'^ 

(/9£ piecewise linear function on B associated to C 

{B, Lpc) degeneration data for {X\C) building on dual intersection complex of 

{B, tf>c) dual degeneration data for {X\C) building on intersection complex of 

4.3 

^S^rc,x ©dimc^=i (li^Muj where Nu, G Pic(X^) is as in §3.3 

5.1 

Zi C irreducible components of codimension 1 of Z on X-^ 

Z' C q^^{Z) higher codimension components of Z on Xj- 

5.2 

{X \ Z, Mf) logarithmic Picard group of {X,A4x) 

Mr, Mr QrMxyz, Qr^^X\Z 

^* (barycentric) resolution of TWf^^; = ©,^_.._^^ g<xfc*(A^ID 

J* (barycentric) resolution of O^^^; = 0^^^...^^^ g,,,*©]^^^^^.^!^^^ 

^' (barycentric) resolution of M^x\z'^ = 0ao->...-.<7fc ^^h*M^^^^ 

dbct (barycentric) differential in ^ X* etc. 

Dr C Xr toric boundary of Xr 

Q' r(x\z,'r')/r(x\z,j*) 

Te cone in distinguished by e : — > r 

PA(e) for e : V ^ T, functions Ar^^ M piecewise affine wrt. r~^S^ 

WfjQ^ connected component of Wo-o - o-p distinguished by (Tq ^ • • • ^ 

A element of V{Xr \ qr^{Z),'Mf) 

for e : V ^ T image of A under isomorphism 

T{Xr\qr\Z)Mf)^Vk{e) 
D{X, e, /) for e : f — > r integer defined by D{X, e, f)dp = — A"^"*", 
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where A"^^ G AS{B,Z,)y are the restrictions of A"^ to the two 
maximal cones distinguished by / : r — > p, codim p = 1 

5.3 

(X, C) polarized Calabi-Yau space mirror to {X, C) 

A.l 

S d-dimensional poly tope 

face poset of H 
=^^['^1 set of A;-dimensional faces of H 

(Mt-) system of abelian groups indexed by 

ifar ■ Mr homomorphism defined whenever r C o" 

(<^bct' c^bct) barycentric cochain complex for (M^); C^;^ = 0^„^,...^, M^, 

(/(Too-i---o-fc)o-oo-i...o-fe fc-dimensional simplicial cochain, i.e. element of C^^^ 

A.2 

sgn(r, w) for r C w of codimension one sign comparing chosen orientations 

sgn((a"o, • • • > ffc), sign comparing orientations of (cto, . . . , (Tk) G Bar(=^^) and of Ufc 

(C'j^d,d'j^j) polyhedral cochain complex for {Mr}; C^^^ = 0^g^[fc] Mr 

(/t)tg^['=1 fc-dimensional polyhedral cochain, i.e. element of C^^^ 

A.3 

B^fj on an integral affine manifold with polyhedral decomposition 0^, 

the face poset of a 

sgn((cro > crk),ak) global analogue of sgn(((7o, . . . , CTfe), cjfc) in A.2 

JFct abelian sheaf on 

ife gluing maps for 

/CTo_>...^crfe global analogue of faoai...ak in A.l 
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